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Abstract 
Fuel jet injection parallel to a supersonic flow and the supersonic mixing layer 
was studied through both computational and experimental methods. 
A Reynolds averaged Navier-Stokes solver was used to perform parametric CFD 
studies on the problem of compressible mixing layers. The set of characteristic 
parameters were obtained using dimensional analysis for the mixing between two 
co-flowing streams of air, and included the relative Mach number, the velocity ra- 
tio and the density ratio. The test problems were planar 2D, viscous, laminar and 
turbulent. Two turbulence models were tested and evaluated, the Menter one equa- 
tion model and the Launder-Sharma k-E model with the Wilcox compressibility 
correction. The Menter model did not capture the expected suppression in the nor- 
malised growth rates with increasing compressibility. The Launder-Sharma model 
was partly successful in capturing this effect. The model was modified to include the 
structural effects of compressibility and was then able to capture the full magnitude 
of the compressibility effect. The study was then extended to a 2D axisymmetric 
jet where the effect of the jet radius was investigated. 
For two-component flow, a new multigas Navier-Stokes subroutine was developed 
that models the species-diffusion correctly. In this study, the computations involved 
shear flows with large density gradients and the turbulence model was further mod- 
ified to separate the modeling of the subsonic (density variations) and supersonic 
(compressibility) effects. The model was validated against experimental results from 
the literature with high accuracy. A mesh convergence study was conducted to verify 
mesh independence. 
The experiments were conducted in a Mach 2.2 supersonic wind tunnel. Two 
streamlined struts were developed for the injection of an annular jet of helium, as a 
simulated fuel, in the middle of the test section. The Reynolds number in the free 
stream was 6.27 x 105, based on the model thickness (12 mm). Through an evolution 
5 
of the model design from Phase 1 to Phase 2 of the experiments, flow interference 
was minimised and axisymmetry was assured. Visualisation studies of the flo vfield 
were carried out using schlieren photography. 
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Chapter 1 
Introduction 
1.1 Introduction 
The focus of this research project is the study of supersonic jet injection parallel to 
a supersonic flow, Fig. 1.1, and of the compressible planar shear layer, Fig 1.2(b). 
The aims were to develop both numerical (CFD) and experimental tools that can 
assist in the understanding of the effect that different characteristic parameters have 
on the growth rate of these mixing layers. The research is applicable to the fuel 
injection and air/fuel mixing before combustion in a Scramjet engine. The project 
was sponsored by QinetiQ as part of their research program on Scramjet technology. 
v 
Figure 1.1: Supersonic jet injection in a co-flowing supersonic flow. 
The study is a combination of CFD and experiments. The computations employ 
an in-house compressible Navier-Stokes solver that was further developed. as part of 
ID ; 
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this study, to model more accurately the flow under consideration. The experinieiitý, 
are conducted in the departmental Mach 2.2 supersonic wind tunnel. The C'FD study 
is two-dimensional (planar and/or axisymmetric). For the experimental section. 
obtaining two dimensionality proved challenging. Computationally three main cases 
of mixing/shear layers were examined, shown in Figures 1.1 and 1.2 : 
a) b} CX) 
Ui U1 
-4 
1-OD 
h 
U1 
ýOD 
Figure 1.2: (a) 1D unsteady and (b) 2D steady shear layer between two uniform 
free streams with velocity profiles and boundary conditions. 
1. One dimensional unsteady as sketched in Figure 1.2(a); In this case the shear 
layer grows uniformly and one-dimensionally in the perpendicular direction 
over time. The equations of motion describing this problem will be a function 
of (y, t), thus the growth rate of the mixing layer over time is studied. The 
simulation is limited to laminar flow. 
2. Two dimensional steady planar as shown in Figure 1.2(b). "the nearly-parallel, 
pressure matched freestreams provide a spatially-uniform boundary condition 
for the flow and assuming the flowfield reaches a steady state the equations of 
motion describing it will be a function of (x, y). In this configuration we study 
the growth rate of a planar shear layer with laminar and turbulent modelling. 
3. Two dimensional steady axisymmetric as shown in Figure I. I. The growth rate 
of a turbulent axisymmetric jet was studied. Here a potential core is formed 
after which the mixing rate is slightly reduced due to reduced velocity and 
U2 U2 y U2 t---Ox. 
- 00 
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species concentration gradients. When the shear layer reaches the centreline 
the jet is said to be fully developed. 
The thickness 6 is defined as the distance from one shear layer edge to the other, 
while the shear layer edge is defined as the point at which the fraction of the mixed 
fluid is less than 1% of its peak value [1,2]. 
1.2 Supersonic mixing and study motivation 
Supersonic mixing layers have very high Reynolds numbers and appear long and 
thin. They are very sensitive to shear layer instabilities, like the primary and sec- 
ondary Kelvin-Helmholtz, the Rayleigh-Taylor and the Richtmyer-Meshkov- insta- 
bilities, and they rapidly transit to turbulent shear. It is generally accepted that the 
increase of the compressibility' leads to a reduction in the normalised growth rate 
of the supersonic mixing layer to anything between 0.2 and 0.4 of its incompressible 
value [2-4]. All these points will be discussed in detail in Chapter 2. 
Compressible shear/mixing layers arise in a large number of technological ap- 
plications. A good example is the exhaust plume of turbofan jet engines where 
improved mixing with co-flowing air leads to jet noise reduction. Other examples 
are the exhaust plume of rockets, thrust vector control, high power gas dynamic 
lasers and soot-blowers were free supersonic jets are used to remove deposits inside 
furnace surfaces. They are relevant even in astrophysics, where the small spreading 
angle of cosmic jets that emanate from the centre of galaxies and black holes is 
considered to be because they are supersonic. 
But more significant is the influence they hold in supersonic combustion, a feature 
of Scramjet technology. Scramjet, means supersonic combustion ramjet. A common 
configuration is seen in Figure 1.3 (a). It is an extension of the Ramjet concept, both 
have no moving parts and decelerate the flow over a compression ramp in the intake 
(ram effect). The intake recovers the kinetic energy of the flow as thermal energy, 
1The increase of the relative Mach number Mrei _ (u1 - u2)/ä, which will be explained in the 
next chapter. 
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thus temperature increases'. But, there is a limit on how hot an engine's parts can 
get, imposed by the properties of the materials and the cooling system used. The 
closer the temperature reached to the maximum temperature the less "room" is left 
for heat to be added via combustion later, so the less the positive specific thrust (i. e 
thrust per kg). Another limit arises from the chemistry of the working gas, since at 
-2500K dissociation of oxygen begins [5]. Combustion near this temperature will be 
extremely inefficient since most of the heat released will be spent in the dissociation 
processes. For flight speeds over Mach 5a Ramjet approaches these limits and is 
more efficient to use a Scramjet mode. 
For the Scramjet the flow is not decelerated to subsonic speeds, thus combus- 
tion occurs in a supersonic flow. The inherent low growth rate of supersonic shear 
layers poses a big technological challenge for mixing enhancement in a supersonic 
combustor. 
Intake 
Combustion chamber 
Nozzle 
b) Cross section view 
rmiý &//, 
Figure 1.3: a) A general scramjet engine configuration, b) Oswatitsch intake, ax- 
isymmetric with a centrebody and cowl. External compression employing a Prandtl- 
Meyer contoured surface, from [6]. 
One disadvantage of Scramjets is that they don't produce any positive thrust 
unless they are moving at speeds over Mach 5 [7], so they are used in conjunction 
with other propulsion systems, e. g. turbo-jets or rockets. Scramjets operate at the 
range of Mach numbers only previously attained by rockets but have the added ad- 
vantage of a higher specific impulse (Isp), thus they are more efficient than rockets. 
Theoretically, speeds in excess of Mach 20 can be reached [8]. Their most promis- 
ing application is as one of the stages in reaching low earth orbit (LEO). Putting 
payload in LEO is an expensive business at approximately 
$15,000 per kilogram (9). 
Scramjets can reduce this cost considering that over 20% of a rockets weight at take 
2For example, if a Mach 10 flow at high altitude flight conditions is decelerated to Mach 2.2 the 
resulting temperature is 2383K. 
1.2. Supersonic mixing and study motivation 29 
off is the liquid oxidizer [10]. In addition, missions will be more flexible and ýaafe 
since they could be aborted at any time with the aircraft gliding back and landing on 
a conventional runway (11]. They can also be used for future high-speed transport, 
fast reaction missiles and long-range bombers. 
A Scramjet engine can be divided in 3 sections: 
1. The intake; a good intake should (a) decelerate the flow with minimum total 
pressure losses, (b) generate the least possible drag, (c) deliver a steady airflow over 
a wide operating range, and (d) operate with a reasonably uniform discharge velocity 
profile [12]. Ideally the compression will be isentropic, resulting in a total pressure 
recovery of close to one. But even with a carefully contoured Prandtl-Meyer surface, 
which produces an isentropic compression for a particular design Mach number, the 
flow would still have to cross an oblique shock wave, see Figure 1.3 (b). This is the 
shock wave from the nose, which provides the initial part of the compression for all 
intakes and is usually weak. 
2. The combustion chamber; here the fuel is injected, mixed with air and com- 
busted. 
3. The exhaust nozzle; this is a diverging duct, since the flow is supersonic, and 
accelerates the flow. It provides the thrust surface. 
1.2.1 Current research on Scramjets 
Much scramjet research remains classified. Several projects have claimed successful 
ground or flight tests of scramjet technology but the results have not been verified. 
Four of the highest profile projects are : 
Hyfly DCR (Dual-Combustion Ramjet) is developed by a consortium of companies, 
agencies and universities in the USA and lead by Boeing, Figure 1.4 
(a) [131. It 
aims to use hydrocarbon fuels and it employs a dual combustion system. 
Air 
goes through two ports, one for subsonic and another for supersonic combus- 
tion. This way there is a much smoother transition from ramjet to scramjet 
mode. 
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NASA'S X43 is part of the Hyper-X program which started from where the Na- 
tional AeroSpace Plane (NASP) program had stopped. There have been two 
successful flight tests, one at Mach 7 and one at Mach 9.6, with a 10 second 
scramjet mode operation for both [14]. The X-43 was boosted by a Pegasus 
rocket launched from beneath a B52-B jet aircraft, Figure 1.4 (b). 
CIAM/NASA project is a cooperation between Russia's CIANI(Central Institute 
of Aviation Motors) and NASA. A Russian SA-5 booster rocket was used as the 
test platform and the scramjet engine was attached on the tip of its booster 
at all times [15]. The engine used staged wall transverse fuel injection for 
combustor transition from RAM to SCRAM mode, Figure 1.4 (c). 
Hyshot is a scramjet program run by the Queensland university, it uses a two stage 
Terrier-Orion Mk70 rocket to boost the payload to a high altitude, then as the 
payload falls back to earth it gathers speed and the tests are performed when 
it reaches Mach 7.6 [16]. Figure 1.4 (d) shows the two latest phases of the 
program, HyShot III on top, a Queensland designed scramjet, and HyShot IV 
on bottom, a QinetiQ designed scramjet. 
1.2.2 Mixing limited supersonic combustion 
To attain hypersonic speeds with an airbreathing jet, efficient combustion at high 
supersonic speeds is essential. This is a big challenge for both efficient mixing of 
air/fuel and maintaining stable combustion, mainly because of the very low fuel 
residence time in the engine. In all internal combustion engines the better the 
participant fluids combust the less the fuel needed and the overall emissions. The 
efficiency of the combustion depends on the mixing time scales and the chemical 
reaction time scales involved. As it was mentioned above the temperatures in a 
Scramjet combustion chamber will typically be very high, inferring a very short 
chemical reaction time scale, so the combustion will be limited by the mixing time 
scale, the transport process 
[17,18]. 
The temperature attains nearly its recovery temperature near the wall. Ideally- 
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Figure 1.4: a) Hyfly, b) X-43, c) CIAM/NASA and d)HyShot scram. jets. 
31 
d) 
the combustion will start away from the walls and terminate near them so that wall 
heating is not further augmented by the combustion heat. That makes parallel jet 
injection away from the walls a good candidate. One then needs to look at how 
effective is the resultant mixing. This is the motivation behind this study, while it 
does not go into the combustion of the mixed gases, it investigates their mixing rates 
with the aim of drawing conclusions for the optimisation of the mixing process. 
1.2.3 Experimental Modelling of supersonic mixing 
Wind tunnel testing is crucial for researching supersonic mixing but the number of 
industrial supersonic wind tunnels available worldwide has dwindled over the past 
decades [19]. Thus smaller university based facilities, like the one of the Aeronautics 
department of Imperial College, are becoming more attractive due to low operational 
and maintenance costs. However the limited capabilities of these tunnels mean that 
they are mainly used for the refinement and validation of CFD tools. 
The nature of supersonic flow makes experimentation on this field a big challenge. 
C) 
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One tries to design a jet injection system that minimises flow interference (shock 
waves) from any secondary support/supply piping and structures, and then having 
done that one tries to set up a monitoring system with its own challenges. 
Finally, the layout of this thesis is as follows. Chapter 2 is the literature review, 
chapter 3 is review of computational methods, chapters 4.5 are the computational 
work and chapters 6 and 7 are the experimental work completed in the course of the 
PhD. Chapter 8 is the conclusion and further work. 
Chapter 2 
Literature Review 
In this chapter a review of the relevant literature is presented in order to place the 
current work in the context of what has been done previously. The main topics of 
interest are compressible mixing layers and fuel injection techniques. 
2.1 Jet injection 
Efficient fuel injection and mixing is a simple matter in a Ramjet since the flow is 
decelerated to subsonic speed. For a Scramjet this process raises serious problems, 
since the flow is still supersonic, say Mach 2, after the deceleration process. Con- 
sidering the flight altitude (- 30Km) this velocity is roughly 600m/s [20], but the 
engine will only be a couple of metres in length. Thus the residence time of the flow 
in the combustor will be in the order of milliseconds. Fuel injection, air/fuel mixing 
and combustion all have to be fitted in this short time period. 
There are three types of injection techniques [21]: 
" Strut injectors; the injector is suspended away from the walls by a strut and 
the fuel is injected parallel to the flow. The strut is designed to withstand the 
aerodynamic loads and to minimise the flow interference. The mixing depends 
mainly on the velocity difference of the fuel jet and air flow. 
" Ramp injectors; the fuel is injected from a backward facing step or, within a 
cavity, but in this case combustion takes place very near the wall resulting in 
33 
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structural problems and high cooling requirements. 
9 Flush-wall injectors; the fuel is injected as a vector through orifices in the 
engine's walls perpendicularly or, at an angle to the air direction. This achieves 
high fuel penetration but results in BL separation, due to the detached bow 
shock that forms ahead of the jet [17], and total pressure losses. 
One advantage of parallel over transverse injection is that the momentum of the 
injected fuel, even though small, may contribute significantly to theoretical net 
engine thrust at hypersonic flight [221. On the other hand mixing in parallel injection 
relies only on the shear layer along the jet. In transverse injection, mixing could 
be assisted since the whole jet column experiences the flow stagnation pressure, 
the leading edge shear and the separated wake region 123]. Wendt and Stalker [241 
performed an experimental comparison of the transverse and parallel fuel injection. 
They concluded that the selection of the injection technique would be based on its 
integrity during flight rather than on the limited gains in mixing efficiency, 77, from 
one to the other. 
This project focuses on parallel injection, but a future dual mode Ram/Scramjet 
engine fuel injection system is likely to be a combination of the different techniques. 
2.2 Incompressible Mixing layers 
Incompressible mixing layers are relevant to the study of compressible mixing layers. 
The changes to the main flow features in the transition to compressible mixing 
layers can help us draw conclusions on the effect of compressibility. 
In addition the 
measured growth rate of a compressible mixing layer is generally compared 
to the 
growth rate of an incompressible mixing layer with the same set of characteristic 
parameters. 
2.2.1 Spatially growing shear layers 
The plane mixing layer is one of the simplest shear 
flows due to its inherent geomet- 
ric simplicity. Two nearly-parallel, 
isobaric free streams, of different velocity and 
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density, are separated by a wall of finite length and then are allowed to mix, Figure 
2.1. The turbulent 2D mixing layer that develops has thickness b. which grows lin- 
early with downstream distance. The mixing efficiency and the various statistical 
mean properties of the mixing layer depend on several dimensionless parameters of 
the flow, like the free stream velocity and density ratios, r= U2 and s- P--, [4.23J. U1 Pi 
P1 U,, P, U. 
-ý y 
U, P: 
Figure 2.1: Planar turbulent shear layer between two uniform free streams with 
velocity and density profiles at some distance x downstream of the trailing edge, 
from [25]. 
The shear due to the velocity difference is instrumental in producing vorticity 
on the interface of the two streams. The vorticity produced at the interface diffuses 
away from it via the viscous diffusion term (vV 2w) in the vorticity equation, which 
is presented in section 2.5.2, eq. 2.7. If the convective velocity of the shear layer 
is large, vorticity diffuses only a small distance compared to the large streamwise 
downstream distance traveled, and thus the shear layer appears long and thin. 
2.2.2 Laminar to turbulent mixing layer transition 
For a large Reynolds number the viscous forces are small compared to inertial forces, 
and the shear layer is unstable to small disturbances that are intrinsic to real flows. 
The shear layer becomes sensitive to instabilities like the Kelvin-Helmholtz instabil- 
ity, which leads to a vortex roll-up and the generation of large scale vortical struc- 
tures, as seen on Figure 2.2. These enhance the mixing by entraining the gases of 
the two streams into the mixing region, increasing the interface area through which 
molecular diffusion occurs and producing locally steep concentration gradients. 
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Figure 2.2: Shadowgraph of subsonic shear layer with K-H instability. Lines show 
method of determining visual thickness [25]. 
Kelvin-Helmholtz instability 
Consider the development of a disturbance in its convective frame of reference, 
in which the two stream velocities are equal and opposite, Figure 2.3(a). If the 
disturbance on the interface of the two streams is slightly wavy, Figure 2.3(b), 
and the relative velocities are subsonic, pressure changes as indicated by the + 
and - signs will be produced. The pressure gradients are in directions producing 
amplification of the disturbance [26]. It will be shown in section 2.3.2.1 that, under 
certain conditions, compressibility tends to stabilize the K-H instability modes. 
_ 
Mcl<1 
(a) (b) ++++ -----Mc, < 1- 
Figure 2.3: The cause of Kelvin-Helmholtz instability 126]. 
The rotating motion of the K-H instability induces secondary instabilities. The 
centrifugal force associated with this motion induces the Rayleigh-Taylor instability 
at the outer edge of the vortex, where dense fluid is transported to the edge of the 
normal vortex. The strong shear flows along the edge of a large scale vortex induces 
the secondary K-H instability. These large scale vortical structures are responsible 
for a secondary spanwise instability, leading to the development of streamwise vor- 
tices in the far-field' [27]. In addition, Winant & Browand [28], observed successive 
pairing between neighboring vortices. These interactions lead to the formation of 
larger vortical structures and are the prime mechanism for mixing layer growth. 
These instabilities are one of the steps of transition to turbulent shear. Accord- 
'The near-field is when the shear layer is laminar and transitional, far field is when the turbu- 
lence is fully developed (flow field variables become self-similar). 
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ing to linear stability theory, flow fields with a point of inflexion in their velocity 
profiles, such as in a wake and a jet, transit to turbulence for a lower Reynold, " 
number than pipe flow or boundary layer flow because of processes similar to the 
K-H instability described here. The critical Reynolds number with respect to the 
shear layer thickness for laminar to turbulent transition in a jet is typically of the 
order of 10 [26]. 
2.2.3 Turbulent Shear and Growth rate 
In a turbulent mixing layer the shearing stresses can be several hundred times greater 
than in a laminar one. This is mainly due to the momentum transfer caused by- 
lateral fluctuations of velocity. Turbulence requires a continuous supply of energy, 
because the turbulent kinetic energy is dissipated and converted into heat. In the 
mixing layer, the source of "stirring" is the velocity shear that generates vortices. 
The growth rate of the mixing layer dö/dx is the quantity used predominantly 
for comparison of mixing layers. For an incompressible shear layer, in a frame of 
reference moving with the convective velocity of the large scale structures, U, the 
growth rate is assumed a function of DU = Ul - U2 [4] : 
6o = DU/ Uc (2.1) 
For uniform density layers, s=1 and UU = (Ul + U2) /2, so 6 varies like 60 = 
C6(1 - r)/(1 + r) [25], where Ca = 0.165 if the velocity profile is used to 
judge the 
shear layer thickness [2912 
However experiments show that the presence of large density gradients between 
the two flows is another source of instability and subsequent turbulence [17]. A non- 
unity density ratio alters the flow characteristics; it biases the speed of both the linear 
instability waves and the roll up eddies toward that of the denser stream, it modifies 
entrainment in favor of the dense fluid and as s increases, earlier and more intensive 
roll-up is observed, with vortex pairing interactions becoming more prominent 
[311. 
2C'6 = 0.14 if the Pitot pressure profile is used 
[4] and Cb = 0.17 if the visual thickness of the 
shear layer is used [30]. 
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Overall, the mixing layer growth increases as the slow stream becomes denser (with 
increasing s) [31]. Brown and Roshko [25] investigated the effect of density ratio on 
the growth rate and suggested a more complete scaling, eq. 2.2. 
6o=Cb(l-r)*(1+ (2.2) 
1+ rvs- 
2.3 Compressible mixing layers 
The mixing layer is ideal for studying compressibility since its free-stream conditions, 
the overall compressibility, remain constant with downstream distance (32]. 
Researchers have been testing experimentally compressible mixing layers in fa- 
cilities that are essentially a double nozzle each one driven by a different storage 
tank, with the two streams eventually meeting at the TE of the nozzle exit, Figure 
2.4. This studies are complemented by CFD investigations. The most important 
findings are reviewed in this section. 
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Figure 2.4: Cross-section view of the test section used in the experiments by Hall 
and Dimotakis [30]. The majority of such facilities share the main features shown 
here. 
2.3.1 Growth rate and the convective Mach number 
Understanding the effects of compressibility can only be done in a parameter study 
where one of the relevant parameters represents compressibility and can be varied 
independently of the other characteristic parameters. It is not immediately clear 
what is the appropriate frame of reference in which to measure the compressibility 
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of the shear layer. A mixing layer between two supersonic streams with nearly 
equal velocities is effectively low subsonic and therefore incompressible (4]. With 
the discovery of large scale structures in the compressible mixing layer, a Galilean 
frame of reference travelling along at their convective velocity became the frame of 
choice e. g. [2,4,33]. 
First Bogdanoff [33] and later Papamoschou & Roshko [4] used this coordinate 
system to develop the convective Mach number as the measure of compressibility 
in a mixing layer. There are two convective Mach numbers and are defined as the 
relative convective velocity of the large-scale structures in the mixing layer to one 
of the free streams, normalized by the speed of sound of this stream [34]. 
Mcl = 
(Ul - UC) and MM2 = 
(Uc - U2) (2.3) 
al a2 
The convective Mach numbers are related since in the convective frame the total 
pressures of the two streams are equal. This is because a saddle point forms be- 
tween the large scale structures, Fig. 2.12. This is a common stagnation point for 
both streams and assuming that the fluid is brought to rest isentropically, the total 
pressures must balance [4], which for pressure matching between the two streams, 
as is usually the case in mixing layer investigations, results in eq. 2.4 : 
1+ ný2 
"y1-1 
2 
1V1C1 
This can be approximated by Mil 
72 -1 72 -i 
=1+2M2 (2.4) 
'Y2/71MM2 which combined with eq. 2.3, 
gives the expression for the convective velocity, UU = Ul (1 + r\/)/(1 + V's). 
With the addition of this compressibility parameter any property of the mixing 
layer, eg. its growth rate, can be expressed as a function of b' =f (r, s, 'y2/ry1, M 1) 
[4]. Most investigations on compressible mixing layers deal with growth rates. be- 
cause of the observed reduction in the growth rate of the compressible mixing layer 
to about 20% of the corresponding incompressible growth rate, for the same r and 
s, at MME > 0.8 [2-4], see Fig. 2.5 (b). 
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Figure 2.5: a) Experimental growth rate measurements from O Clemens and Mungal 
[32], V Goebel and Dutton [29], 0 Hall et al. [30], x Papamoschou and Roshko [41, 
0 Slessor [35], and b) Normalised growth rates plotted together with the curves from 
Dimotaki's model [1], the Langley experimental curve [36] and the results from 0 
Tobias's experiments [37]. 
Figure 2.5 (a) shows a plot of experimental growth rates, from many investi- 
gators, versus A, I, 1 
but no clear trend is obtained, thus the need to uncouple the 
effects of 11I, 1. 
Assuming that the velocity and density ratios act independently of 
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the compressibility parameter and that the effect of the ; 2/T 1 ratio is small3, the 
growth rate can be written as 6' =f (r, s) x g(MM1). This is then normalised by- 
the growth rate of the incompressible shear layer for the same density and velocity- 
ratio : 
sý fir 
s, _ 0 
f (r, s) =g(M1) (2.5) 
This is plotted versus Mil in Fig. 2.5 (b), Mil correlates the reduced growth rate 
of a compressible mixing layer with considerable success, its values collapse roughly 
onto one curve. The scatter in the data may be attributed to i) the influence of 
inflow conditions, like the variation of boundary layer thicknesses on the splitter 
plate between facilities, ii) to measurements taken at different stages of the mixing 
layer development, iii) to the use of different measures of mixing layer thickness, 
eg. visual and vorticity thickness, iv) to possible acoustic instabilities, which travel 
upstream to the splitter plate and can alter the far-field growth rate and v) to the 
experimental error involved (10%) 135,37,381. 
The accuracy of the isentropic stagnation assumption, when shocks form in the 
structure, must also be taken into consideration. No total pressure losses due to 
shock waves were considered in the derivation of Mil [391. In addition, large-scale 
structures have not been observed to be a dominant feature of fully developed com- 
pressible mixing layers [29], as it will be shown in section 2.3.2.3. Finally experimen- 
tal observations have indicated that turbulent structures do not always convect at 
the intermediate velocity, between the free-stream velocities, given by this analysis. 
At larger convective Mach numbers (Me> 0.5) UU tends to be close to Ul or U2. 
the high and low speed stream velocities, respectively [39]. This is most likely con- 
nected to the generation of shock waves by the coherent structures. To the extent 
that shocks are borne on one side of the layer only, see Figures 2.11 and 2.13, they 
could result in asymmetric losses in total pressure and in asymmetric convective 
velocities [2,39]. Indeed there is an empirical finding that shocks are carried by the 
low speed stream when it is subsonic (Ml > 1, M2 < 1), for which case UU is closer 
s) X g(Mci) 
3 'y varies usually between 1.4 and 1.66 
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to U1, and by the high speed stream when both streams are supersonic (. ill > 1. 
M2 > 1), where UU is closer to U2 [2]. It could also be. however, that the structure 
is highly 3D in which case 2D theories and hypotheses lose their validity [391. 
This large deviation in the observed UU from its theoretical values translates to 
just as large a deviation in the experimentally obtained Al,,. Figure 2.6 [39). so 
that effectively both of the convective Mach numbers, M1 and : Vf 1. are needed to 
describe the mixing, or b' =f (r, Si 'y2/-yl, MC1, Mi2). 
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Figure 2.6: Experimental and theoretical Mil vs MM2 plot [391. 
To avoid this, Goedel and Dutton [29] employed the relative Mach number, 
Mrel = DU/ä, as an alternative to the convective Mach number that does not use 
the assumptions discussed above but still provides a measure of compressibility in 
the mixing layer. For mixing between gases with the same ratio of specific heats 
Mrel =2 Mai [40]. 
The normalised growth rate values reported by Papamoschou & Roshko [41 and 
Hall et al. [301 in Fig. 2.5 (b), suggest that the convective Mach number is not a 
universal compressibility measure. Lu & Lele [41] have argued that the departure 
from a universal collapse is a systematic deviation and is indicative of a shortcoming 
either on the representation of the (normalizing) incompressible shear-layer growth 
rate, bo (eq. 2.2) or on the representation of 
flow compressibility, as provided by 
M, 
1 or 
Mrel 
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The best way to check the latter is to fix Ü, P and vary al l to produce a graph 
like 2.5 (a). Such a graph would then display the same growth rate trend even when 
normalised by 6o, since that is a constant for a given velocity and density- ratio. 
However, this would be a very difficult experiment to set up. Instead Gutmark et 
al. [341 performed some reverse engineering, they used an empirical equation which 
gives a best fit to the experimental data shown in Fig. 2.5 (b). The product of this 
equation with eq. 2.2 for bo yielded the family of curves in Fig. 2.7. each one for 
fixed Ul and p. 
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Figure 2.7: Variation of the compressible spreading rate with velocity and density 
ratios versus the convective Mach number, for (a) p2/PI = 0.56 and (b) p2/p1 = 6.9. 
For fixed MM and p2/p1 the growth increases with decreasing U2/Ul, i. e. with 
increasing free-stream-velocity difference'. In addition for fixed MM and U2/U1 the 
growth increases with increasing p21,01, when the heavier gas is on the 
low-speed 
side. Both of these results are similar to those in an incompressible shear 
layer, 
given by the approximate model eq. 2.2. 
2.3.2 Physical Effects of Compressibility on Mixing 
A fundamental feature of supersonic flows is that a disturbance is propagated only 
downstream and remains confined within a Mach cone, with semi-angle given 
by, 
A= sin-' (11M), the Mach angle. Acoustic interactions 
between different regions of 
the shear layer, possible in an elliptic subsonic 
flow, are inhibited outside this cone, 
4By convention stream number 1 is the fast one, 
Ul > U2 
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in the supersonic hyperbolic flow. Thus a compressible shear layer could be more 
stable, therefore grow at a slower rate, than a subsonic one 141. 
2.3.2.1 Pressure recovery and instabilities 
One of the most direct effects of the higher compressibility is the PPr(, ý'ýure recovery 
associated with the shear layer itself [42]. The displacement effect of the ý'11vdr is 
fixed in space and it will turn the inviscid flow outside it. if the flow is supersonic it 
will do that by means of a shock wave [4,42]. Compressible mixing layer facilities, See 
Fig. 2.4, usually employ nozzle walls that can diverge to compensate for the pressure 
recovery and produce a constant-pressure region in which to perform the growth 
rate measurements [4,30,42]. 
Kelvin-Helmholtz instability 
Consider again the development of a disturbance in its convective fraiiie of refer- 
ence, but this time one or both streams are supersonic, Fig. 2.8. In a suppcer o odic 
flow the pressure gradient is associated with the slope rather than the clistaliice from 
the centreline, thus pressure changes as indicated by the + and - signs will be pro- 
duced. For one stream subsonic, Fig. 2.8 (a), the pressure gradients are in directions 
producing amplification of the disturbance. For the bi-supersonic case. Fig. 2.8 (b), 
because both streams see the same slope the pressure signs top and bottom will be 
the same, which will stabilise the amplification of the disturbance. The stabilisation 
of the modes of the fluid instability is thought to be one of the main reasons behind 
the suppression of the growth rate observed [3]. This mechanism is also one of the 
reasons why it is important to have an accurate value for the convective velocity. 
and thus for M, of the mixing layer. 
Mc1> 1---iß Mc, > 1ý-º 
(ä) )f-_ 
___Mc, <1 
Mc2>1 
Figure 2.8: (a) One stream subsonic, unstable mode of the K-H instabilitY. (h) 
Bi-supersonic stable mode of the K-H instability . 
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Richtmyer-Meshkov instability 
45 
The existence of wave systems, unique to a supersonic flow, can lead to uther 
modes of instability like the Richtmyer-Meshkov instability. This is generated when 
a shock wave impinges at an interface between two fluids of different densities. 
accelerating it and amplifying any initial perturbation present. It is basically a 
baroclinic-type, impulsive, Rayleigh-Taylor instability [431. 
2.3.2.2 Transition to turbulence and inviscid compressible mechanisms 
Compressibility apparently stabilizes the shear layer, so it could also delay the tran- 
sition to turbulent flow. However the transition may be dominated by the wake from 
the initial boundary layer on the splitter plate. In this case the compressibility of 
the wake and the actual freestream Mach numbers, M1 and 1lI2, may be more im- 
portant than the compressibility of the far-field shear layer and Al,, [38,44]. Indeed 
Papamoschou [38] and Shackleford et al. [44] found that the transition distance is 
insensitive to rather large changes of M, 0.39 to 1.05 and 0 to 0.8 respectively. 
For a transition initiated by a K-H type of instability, the definition of the 
Reynolds number is less important and the transition distance scales with initial 
conditions. It is believed that if it weren't for the influence of the wake, the distance 
to transition, scaled by the initial conditions, and the transition Reynolds number 
would increase markedly with increasing MM [38]. But it is difficult to minimise the 
effect of the wake in experiments. 
For fully developed flow the data indicate no dependence of growth rate on 
Reynolds number, which suggests that growth rate suppression is due to inviscid 
energy-exchange mechanisms, and not due to increased viscous ones. This is also 
why the inviscid linear-stability analyses are successful in predicting the relative 
reduction in growth rate [35]. One such mechanism is the coupling of kinetic and 
thermal energy. For a steady flow the kinetic-to-internal (or kinetic-to-thermal) 
energy ratio is: 
U2 
=y-1 A12 (2.6) 2i 2-y 
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where U is the velocity, and M the flach number. As flow compressibility 
increases, more kinetic energy converts into thermal energy by the variety of mech- 
anisms available to compressible turbulence. 
Goebel & Dutton and Sammimy & Elliott [29,45] measured the effect of com- 
pressibility on turbulent fluctuations and Reynolds stresses. They showed that as 
the convective Mach number increased from 0.4 to 2, all turbulent velocity fluctu- 
ations decreased in level and in lateral extent, thus linking the inviscid turbulent 
velocity fluctuations to the growth rate of the shear layer. 
2.3.2.3 Coherent structures 
Large scale eddies are always a feature of incompressible mixing layers, shown in 
Figure 2.2. But early shadowgraph and schlieren visualisations did not clearly show 
large scale structures, with increasing convective Mach number (Al, > 0.5) [461. 
At low compressibility (MM < 0.5) visualisations indicate that the mixing layer 
is dominated by the 2D, K-H instability, and exhibits well defined 2D organized, 
Brown-Roshko type rollers [32], Figure 2.2. 
Later studies [4,32,37,40,47,481, have achieved varying success in imaging large 
turbulent structures. Papamoschou [4] observed large structures up to Mc < 1.05 in 
his schlieren, with a reduction in the mean structure spacing, normalized by the local 
thickness. Mahadevan and Loth [47] used high-speed cinematography at Mrei = 1.5, 
or Mc=0.75, which displayed large scale structures. Clemens & Mungal [32] and 
Messersmith & Dutton [40], with their laser Mie scattering images provide evidence 
of their existence at Mrel up to 1.24 and 1.53 respectively, Figs. 2.9 and 2.10. Urban 
and Mungal [48] showed large scale structures at Mc = 0.62 using PIV. The highest 
convective Mach number for which large turbulent structures could still be seen was 
Mc = 1.71 in Tobias's [37] schlieren, Fig. 2.11 and PLIF, Fig. 2.13 studies. 
Similarly 
to the incompressible mixing layers, braids appear in some of these visualisations, 
but are not as clearly defined [40]. 
Shape changing of the spanwise eddies and the concept of the sonic eddy 
The effects of compressibility on the mixing layer are often attributed to the 
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change in the characteristics, shape and extent of the large scale structures. Clemens 
and Mungal 132] observed a change in the nature of the spanwise eddies with increas- 
ing compressibility. In their experiments the roller cores change from a relatively 
`elliptical' shape to a more `polygonal' shape, and the braid regions develop a -kink'. 
with increasing M, Fig. 2.9. 
(a) 
III) 
t 111 1 
Kink 
Figure 2.9: (a) Selected planar laser Mie scattering images comparing roller structure 
at different convective Mach numbers: (i) MM = 0.28, (iii) MM = 0.5, (iii) A/I, = 0.62. 
The seeded fluid is light and the unseeded fluid is dark. (b) Schematic diagram 
showing roller structures and braid region. [32] 
Consider a large scale eddy in a compressible mixing layer, if the velocity differ- 
ence across it is larger than the local speed of sound, the communication timescale 
increases, which slows the structure's ability to mix. This is the concept of the `sonic 
eddy' [49]. 
The reduced pressure communication across the mixing layer inhibits vortex roll- 
up and pairing events. Vortex pairing, typical of incompressible mixing layers, is 
scarce in compressible ones; it was reported by Elliott et al. (1993) at MM=0.51 but 
not at MM=0.86. Because of the delay in the pairing mechanism, weak elongated 
streamwise structures appear at high compressibilities (11v1, > 1) [50]. 
Transverse views of the compressible shear layers show the structures elongated 
and compressed toward the streamline flow direction with increasing compressibil- 
ity, Figs. 2.9 and 2.10 (i). In addition Messersmith and Dutton [40] pointed out 
that small scale intrusions into the large structures are more common for the high 
compressibility case, and the structures contain a wider range of scales. 
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The variety of structures present in instantaneous and in an ensemble of images 
for a given flow condition, highlights the need for an objective, statistically based 
analysis for identifying the predominant size, shape, and orientation of mixing layer 
structures [40]. Fig. 2.10 (ii) and (iii) show the results of the 2D spatial covariance 
that was performed over the ensemble of images from their corresponding cases. 
The spatial covariances of the transverse views indicate that the roller; braid 
structure breaks down with increasing compressibility. The elliptically shaped trans- 
verse structures are elongated and compressed toward the streamline flow direction, 
causing the appearance of inclined structures, and are of relatively constant eccen- 
tricity. 
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Figure 2.10: i) Planar laser Mie scattering images, ii) transverse and iii) oblique plane 
2D spatial covariance plots for a)11%Irel = 0.63, b) Mrel = 0.98 and c) 
Mrel = 1.49. 
The behaviour of the oblique structures with increasing compressibility 
The oblique image plane captures the spanwise structure and highlights the 3D 
nature of the mixing layer. It was mentioned, 
in section 2.2.2, that a secondary 
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instability of the mixing layer appears as streamwise vortices. These interact pri- 
marily in the spanwise direction and are not subject to the communication problems 
across the mixing layer, like spanwise rollers are. Thus they continue to grow and 
entrain fluid into the layer [371. Indeed covariances of the oblique images show an 
increase in the relative size and a reduction in eccentricity of the streamwise oriented 
structures with increasing compressibility, Fig. 2.10 (iii). The oblique structures are 
shown to grow relatively more than the transverse structures are elongated as . 
11, 
increases. The reduced eccentricity is because of the greater three-dimensionality of 
the structures and the resulted reduced correlation. 
In addition the oblique laser sheet views indicate that above M-0.5 the 
spanwise structures begin to skew obliquely to the flow and eventually their 2D 
organisation breaks down leading to strong three-dimensionality in the mixing layer 
132,40,51]. The skewing of the the spanwise rollers is due to a transition from K-H 
to oblique instability modes with increasing compressibility. Thus, compressibility 
leads to increased size and influence of 3D structures in the mixing layer. 
The trend of increased three-dimensionality with increasing AI 
As MM increases, the mixing layer becomes highly 3D with nearly indiscernible 
organized 2D structure. Above a relative Mach number near 2, or 11I, - 1, 
Sandham 
and Reynolds [51] predict the mixing layer structure to be essentially 3D. 
This is 
possibly related to the observation that the large-scale structures 
do not travel at 
the speed predicted by the convective Mach number formulation of 
Papamoschou & 
Roshko [40]. 
The change in the nature of the spanwise rollers with increasing 
MM is the reason 
why many flow visualisations did not clearly show large structures under compress- 
ible conditions, since schlieren is a spanwise integrating technique 
[371. 
2.3.2.4 Acoustic waves, shock waves and shocklets from large scale struc- 
tures 
With increasing compressibility a point is reached where the difference between the 
convection velocity and that of one, or 
both, of the free streams is greater than 
i "4 ý}ý 
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the local speed of sound. At these conditions any features present in the mixing 
layer will produce Mach-wave radiation in the freestreams. Protruding large scale 
structures will act as bluff bodies with bow shocks upstream of them, in contrast 
a wavy interface will radiate straight Mach waves [37]. Tobias's experiments are 
among the few that could achieve high enough compressibility to see these oblique 
waves, Figs. 2.11 and 2.13. To the authors knowledge these images are the best 
examples captured of both large scales and wave systems for a highly compressible 
mixing layer, up to -A/I, = 1.71. 
ý6 
ýý 
°, ýý,. 
Figure 2.11: Instantaneous Schlieren images showing the acoustic radiation field in 
the upper free stream [37]. 
For the M, = 1.66 and 1.62 cases it is mostly straight Mach waves radiated from 
the wavy interface, with a few instances of local large-scale structure. However the 
All, = 1.71 case, shown in false color in Fig. 2.11 to enhance the contrast, shows 
a highly disorganized layer with large structures and curved shocks that can be 
associated with particular structures. The large scale structures acquire a preferred 
orientation with respect to the upper free stream, roughly the Mach wave angle, 
and are elongated in the streamwise direction, suggesting that they interact with 
the shock waves [37]. 
The Al = 2.24 and s=0.52 case, stresses the importance of the density ratio 
for the determination of the convective velocity, since it does not contain shock. 
even though it has the highest convective Mach number of the four. Clearly. the 
structures in this case are traveling with a speed nearer to the upper-stream value 
2.3. Compressible mixing layers 51 
and thus very far from the symmetric convection velocity assumed in the derivation 
of M. Thus the existence of these local shock waves depends both on Al, and s 1371. 
Coherent structures as bluff bodies or shocklets? 
It is not clear whether the waves seen in the 11tI, = 1.71 case are bow shocks 
attached to protruding eddies or shocklets which form internal to the mixing layer 
as a result of turbulent motions. For transonic Ma supersonic bubble can form 
in the vicinity of an eddy with a weak shock, dubbed "shocklet", upstream of the 
stagnation point joining the sonic line to enclose the bubble, Fig. 2.12 (a). For 
supersonic M, the region of supersonic flow and the shocklet will extend to the far 
field, Fig. 2.12 (b) [2]. 
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Figure 2.12: Formation of Shocklets in a)transonic and b)supersonic shear layers [2]. 
The concept of shocklets is used extensively in compressible mixing layers re- 
search because of their potential in redistributing kinetic energy through dilatational 
dissipation [52] and in altering the structure convection velocity [39]. 
The available evidence for shocklets, comes from numerical simulations of tur- 
bulent mixing flows [53-55], and from Papamoschou's experiment with a counter- 
flowing supersonic shear layer [56]. Tobias [37] also observed a similar shock struc- 
ture to the eddy shocklet shown by Papamoschou in his schlieren study. 
The physical manifestation of a shocklet is a bit ambiguous and considering that 
for high compressibility the large scale structures, and therefore the associated shock 
waves, are highly 3D, schlieren will not be accurate in determining the true shock 
locations. Tobias [37] found no evidence of shocklets in many spatially resolved 
images, for the case M, = 1.71. These showed that the shocks are not embedded 
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within the mixed regions of the layer but instead they are attached on the edge of 
large scale structures, see Fig. 2.13. Planar view images showed the Mach waves 
curving around the structure, akin to a 3D bow shock on a bluff body [371. Based 
on these results Tobias [37] believed that Papamoschou's [56] experimental evidence 
for AII, = 2.0 were probably no different from attached bow shocks. which radiate 
from the interface into the free stream. 
1. 
ýý 
ýýI 
G 
Figure 2.13: Planar laser induced fluorescence (PLIF) of two, seeded tracer species, 
acetone and nitric oxide. Showing large scale structures for a compressible shear 
layer (Al, = 1.71) and shock waves from the large scale structures. 
The side views also demonstrate rapid entrainment, streamers of both high and 
low speed fluid penetrate well into the lower and upper streams, respectively, 'ixith- 
out considerable mixing. These large structures are predominantly inclined at the 
corresponding Mach wave angle for -AII, = 
1.71, similarly to the schlieren observa- 
tion in Fig. 2.11. However as the structures propagate downstream their inclination 
reduces, suggesting an amplification loop from the reflections of the Mach waves 
between the side walls and the mixing layer [371. The unbounded simulations of 
Freund et al. [54] and Day et al. [51] did not show the change in the orientation. 
thus further supporting that this effect is due to the shear layer confinement. 
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Hall et al. 130] found that shear layer confinement is also important in the tran- 
sition to t hree- dimensionality for high compressibility. His schlieren images for case 
M, = 0.51, see Fig. 2.14 for an example, show that in the early portion of the 
shear-layer, where it approaches unbounded-flow behavior (hl6(x) > 1), where h is 
the tunnel's height, spanwise 2D organization is absent. Further downstream, where 
hl6(x) - 1, a 21), large-scale organization emerges. Clemens & Nlungal (Fig. 31) [321 
had similar findings for their highest M, value. It appears that the interaction with 
a 2-D wave system enhances the degree of spanwise organisation, especially if there 
is a resonance between large-scale-structure spacings and streamwise round-trip dis- 
tances of wall-reflected waves [35], Fig. 2.14. 
Figure 2.14: Schlieren image, for 1V1, = 0.51, showing 2D structure enhancement 1301. 
Compressible mixing layers growth rate. 
For supersonic convective Mach numbers, shock waves off eddies could dissipate 
turbulent energy and interact with the density gradient to produce/destroy vorticity, 
see section 2.5, thus affecting the mixing. Interestingly though, the growth rate sup- 
pression starts at M, - 0.2, and is almost complete before M, becomes supersonic, 
Fig. 2.5. 
It can be concluded that increased compressibility reorganises the turbulence 
field and modifies the development of turbulent structures. Urban and Mungal [48j, 
in their PIV study, found that as compressibility increases, transverse turbulent 
intensity and Reynolds stress are strongly suppressed, which results in reduced mo- 
mentum transport, while the strearnwise turbulent intensity drops only slightly. In 
addition, the primary Reynolds stresses responsible for mixing layer growth rate are 
also reduced. 
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The strength and effect that the shocks have on the mixing layer overall seems to 
diminish as the compressibility is increased. This is either due to reduced interaction 
timescales between the pressure and scalar fields or due to a transformation to co- 
layer behavior and the appearance of multiple convection N-elocities [3 7]. 
2.3.2.5 Secondary Modes of instability and shear 'co-layer' structure 
PIV studies with the help of statistical tools relate the disappearance of the two 
dimensional scalar structures, for high M, values, with a shift from large regions of 
vorticity spanning the transverse extent of the layer to smaller, segregated -sheets' of 
vorticity within the layer with little transverse connectivity [481. This is reminiscent 
of the 'co-layer' structures revealed by linear stability analyses 151,5 1-1 under certain 
conditions of compressibility and/or heat release. 
The formation of these structures can be understood by examining the density 
weighted vorticity profile, pdu/dy. Figure 2.15 (a) shows the incompressible case, 
with the familiar Brown & Roshko type structure. Compressibility will cause an 
increase in temperature along the centreline through the coupling of kinetic and 
thermal energy. This will cause a drop in density and a two peak pdu/dy profile, 
Fig. 2.15 (b) [58]5 . 
Thus two 'outer' instability modes form, which can dominate 
the 'central' mode. 
Central mode 
p dcddlý ýý dri'di 
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Figure 2.15: Derivation of the density-weighted profile and the resulting flow struc- 
ture for an (a) incompressible and a (b) compressible flow 158]. 
These 'co-layer' structures can have a negative impact on the mixing ability. 
5 Day et al. [581 considered a compressible reacting shear layer, but taken separately, the influ- 
ences of compressibility and heat release on the 
density profile and thus on creating outer modes 
are quite similar. 
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Whereas the central mode efficiently entrains fuel and air from each side in one step. 
the outer modes do that in two steps, each instability mode mixes one reactant iiito 
the mixing zone [58] . 
Jackson and Grosch 159] found that the outer modes had a lower growth rate 
than the 3D central mode, in their M, range. Day et al. [57] showed that outer 
mode solutions can be dominant above M, - 2, depending on the densitý- ratio, 
which proved important in determining the relative amplification rates of the fast 
and slow modes. They also observed that the outer modes continuallý' compete 
with the central mode, which could make them difficult to discern in experimental 
conditions [57]. 
Indeed most schlieren/shadowgraph visualizations of supersonic shear layers ap- 
pear to indicate the existence of either the slow or the fast mode in a given flow 
[30,39,60]. Papamoschou [39] found that the observations of large structure convec- 
tive Mach numbers are at variance with those predicted using the (central-mode) 
isentropic stagnation assumption, see Fig. 2.6. The only evidence for co-layer be- 
havior comes from Tobias's [37] instantaneous schlieren image of a shear layer at 
M, = 2.84 and s=1.38, showing shock waves visible in both the upper and lower 
streams. The wave-system Mach angles were used to estimate the convective veloc- 
ities, and thus M, number, for each free-stream. 
Subsonic sublayer 
Papamoschou [38] found a central subsonic sublayer centered around the y-location 
where u(y) = U, while the supersonic 'outer' sublayer was located outside the sub- 
sonic one and extended to the edges of the shear layer. For M, > 1, the ratio of 
structure spacing to visual thickness decreases to 116 = 1.2 (from 2.2 for M, < 1). 
This suggests that the lateral extent of the shear layer where large-scale structures 
can form lessens as M, becomes supersonic. This trend could be explained by the 
fact that as M, increases beyond 1, the subsonic sublayer shrinks (but never quite 
vanishes) [38]. Thus he speculated that somehow vortical structures prefer to form 
in a subsonic environment. 
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2.3.3 DNS results 
Early DNS studies found that it is not only the shear layer growth rate that is 
reduced, with increasing compressibility, but also the turbulent kinetic energy [. 5') 
61,62]. This was attributed to the increasing dissipative effect of dilatational velocity 
fluctuations (such fluctuations have V. u =ý 0), and to the formation of eddy shocklets 
at moderate compressibility levels . However, as the complexity of D. NS simulations 
increased, the threshold for shocklet appearance shifted to a value higher than the 
range of M, at which the reduction occurs (M, -0-1.4). Vreman et al. [53] in 
their 3D simulations identified the threshold M, value at Al, = 1.2. while Freund et 
al. [54] placed it at M, = 1.54 in their annular mixing layer. Thus shocklets do not 
seem to be part of the growth rate suppression processes. In addition it was found 
that the dilatational terms (pressure dilatation and dilatation dissipation) have only 
a small contribution to the reduction of the turbulent kinetic energy, maximum 20%, 
most of it comes from the reduction in the turbulence production levels [63,641. In 
turn this is due to the reduction of pressure fluctuations that lead to the suppression 
of the pressure-strain redistribution term [53,54]. 
The reduced pressure fluctuations in the cross stream direction seem to be the 
physical manifestation of the 'sonic eddy' concept [65], where the finite speed of 
sound causes a time delay, f/a, in the passage of pressure signals across a char- 
acteristic eddy length f. This causes decorrelation between adjacent points in an 
'eddy', which inhibits the pressure-strain term [64] and the Reynolds shear stress 
uv, and consequently the turbulence production. Thus it is now widely accepted 
that structural compressibility is more important than dilatation compressibility. 
Structural compressibility affects the turbulence production through the reduction 
of the turbulent stress, p- Tij. 
2.4 Two dimensional planar or axisymmetric jet 
The plane mixing layer is a very interesting case fundamentally but not of great 
use for technological applications, the supersonic jet is instead involved in manN- 
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technologies as mentioned in the introduction and therefore this has also being 
widely studied. Figure 2.16 shows some of the ways employed by researchers in 
order to test this experimentally. The aim is always to produce a jet with as little 
interference as possible from the injection mechanism. 
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Figure 2.16: (a) Backward swept strut with jet swirling [66] , 
(b) straight strut with 
spanwise injection [24], c)Forward swept struts , 
(b) Strut through the throat 1671. 
In the case of a jet, its physical dimensions introduce new length scales not 
present in a plane shear layer. In an ideal case with very thin initial boundary layers 
both on the outside and the inside of the jet injector, the developing shear layers 
from the edges of the jet traverse a considerable length downstream until they merge 
on the centreline, see Fig. 1.1 in the introduction. This is often called the potential 
core, since the flow of the jet fluid in this region is inviscid [68]. Thus the number 
of inviscid vortex interactions is limited by the streamwise length of the potential 
core (whose typical length for an initially laminar jet is 5 jet diameters) [691. If the 
flow coming out of the injector is fully developed, or nearly so, there is little or no 
potential core 168]. 
b` 
A. it 
dý Setting chamber Test section 
Convergent 
" chamber " 
2.5. Other influences on the mixing efficiency 58 
2.5 Other influences on the mixing efficiency 
The effects of the initial conditions at the shear layer origin are very important in 
experimental investigations but they are often overlooked. In general, they can af- 
fect the mean velocity and the far-field properties of turbulence, making quantitative 
comparisons between experiments conducted at different facilities quite difficult [70]. 
The initial, or inflow, conditions are probably one of the main reasons for the de- 
viation in the experimentally measured growth rates among different researchers 
shown in Fig. 2.5. In addition Viegas & Rubesin [71] and Bunyajitradulya & Pa- 
pamoschou 172] suggested that the Mach numbers of each individual stream may 
impact the shear layer growth rate, even at fixed relative Mach number. 
2.5.1 Pressure matched and over/under expanded jets 
Gurguis et al. [731 show that the spreading rate of a confined mixing layer can be 
improved if the pressure of the two streams is different [74]. All the studies reviewed 
so far were operating at pressure matching in order to differentiate the effect of the 
compressibility on the mixing. Even when that is the case, for supersonic jets there 
is still a weak wave system due to the presence of the finite base at the nozzle trailing 
edge. Each of the two separations generated on the inside and outside edges of the 
injector gives rise to an expansion followed by a re-compression shock, see Figures 
6.23 and 6.24 in section 6.5.2 from Phase I of the experimental study. Within 
the jet the first reflection of the re-compression shocks delimits the potential core, 
and depending on the flow conditions there is a regular or a Mach reflection of the 
centreline. This wave system is related to the existence of separations on the nozzle 
lips and thereby to the viscous character of the flow [751. 
2.5.2 Pressure gradient effects on turbulent shear layer 
The interaction of an imposed pressure gradient on a shearing interface. has (i) a 
viscous effect on the turbulence structure and the jet growth, and (ii) an inviscid (i. e 
inertial) effect on the mean flow. The more severe the pressure gradient the less the 
time for the jet to adjust to it, so the less important the viscous turbuleiit stresses 
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become and the process is inertially driven. If the pressure change is gradual the 
viscous turbulent stresses play a much greater role and are a fundamental measure of 
the pressure gradient-turbulence interaction. When pressure and density gradients 
are misaligned they couple and produce vorticity due to the baroclinic torque _L P2 
Vp x Vp in the vorticity transport equation 
dw 
+u *7w =w* Vu +I- 17P X 17P +v 17 
2w (2.71) 
dt p2 
The LHS is the time rate of change of vorticity. On the RHS, w- Vu is the 
change in vorticity by stretching or rotation of the vorticity vector by the velocitý- 
gradients, -I- - Vp x Vp is the baroclinic generation of vorticity, and vV'w is the p2 
viscous diffusion of vorticity. 
The baroclinic term is solely responsible for producing vorticity. Hence if initially 
there is no vorticity in the flow, then it can be produced only if that is non-zero. If 
vorticity is present initially then depending on the sign of the term it can either add 
to the existing vorticity, Fig. 2.17 (a) or it can oppose it Fig. 2.17 (b). 
(0) Piet > Pco 
dp/dx (+ve) 
-------- -- ------- 
Uiet 
dp/dy (-ve) 
(b) piet < P., 
Uail, dp/dy(+ve) 
Uiet dp/ (+ve) 
Figure 2.17: Contribution of an adverse pressure gradient in vorticity generation. 
In the case of an adverse pressure gradient, as in Fig. 2.17, for baroclinic term to 
assist the faster stream should also be of higher density. For a favourable pressure 
gradient (dp/dx) the faster stream should have lower density, then the baroclinic 
contribution will be positive. 
An adverse pressure gradient would also decelerate the flow streams at a different 
rate, the lower momentum stream will decelerate faster, eq. 2.8. Thus it also has 
an affect on the velocity shear. 
dp 
1D-momentum equation (2-8) 
pu 
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Shock and expansion waves are both important features of supersonic flows and 
it would be convenient if they could be used to enhance mixing [431. Drummond 1741 
impinged an oblique shock wave on a hydrogen fuel jet surrounded by air. The large 
pressure gradient interacted with the high density gradient and was effectiN-e in pro- 
viding mixing enhancement. In another study the effect of an expansion jet on the 
interface between two compressible streams of different density was studied 1431. It 
was found that the macroscopic baroclinic term can strengthen or weaken the vortic- 
ity field associated with either the Rayleigh-Taylor or Kelvin- Helmholtz instabilities, 
thus enhancing or suppressing these instabilities [43]. The effect depended on the 
direction of the density gradient, similarly to the explanation in Fig. 2.17. Thus it 
becomes clear that the pressure and density gradients can play an important role in 
the mixing enhancement if they are properly chosen. 
Finally the baroclinic effect could be an important mechanism in the suppression 
of the growth rate in the subsonic to transonic M, range (for 0.2 < AI, < 1.0). In 
this range there are no shock waves off eddies but due to the shape of the large scale 
structures there are pressure gradients, and if they are aligned in such a way that 
the baroclinic mechanism goes against the vorticity present due to the velocity shear 
it could inhibit the growth of the mixing layer. As M, increases above 1.2, large 
scale structures tend to incline themselves more and more in the flow direction, as 
it was shown in section 2.3.2.3, and thus the pressure gradient will tend to become 
parallel to the density gradient making the baroclinic term less important. 
2.6 Gas mixtures 
In the discussion above it was assumed that the growth rate of the mixing layer or 
of the jet is the measure of the mixing efficiency. But this is just the first stage 
in the mixing process, there are two more stages, intermediate-scale stirring and 
small-scale diffusion [1], and the end result is molecularly- mixed fluid. 
The growth rate measures the evolution of the largest length scale, which pos- 
sesses the highest energy. Mixing, at this convective distributive stage, takes place 
through the stretching and folding of the fluid by inertial forces, which results in 
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the formation of large eddies [761. The irrotational entrainment bý- the large eddies 
leaves the entrained fluids essentially unmixed during the lifetime of the vortices [771. 
The intermediate stage is also convective and it involves dispersiN, e mixing of 
fluid through shearing and breakup of large eddies into finer scale eddies on the 
order of the Kolmogorov length scale. The Kolmogorov scale has the lowest energ. v 
in the flow and is the length scale at which viscous dissipation occurs [76]. However 
in order to complete the fuel-air mixing process molecular diffusion is needed, the 
third stage. Diffusion depends on random molecular motions that take place over 
small molecular distances. Without diffusion, either molecular or turbulent, there 
is no mixing to bring air and fuel into contact. Since molecular mixing is effected 
by the development of fine scales and the cascade of energy to these scales, there is 
an important relationship between large-scale structures and mixing [371. 
Thus considering the three stages of mixing for a more complete picture one needs 
to supplement the parameters known to influence the large scale structures of the 
flow, i. e., inflow conditions, velocity and density ratios, and convective Mach number, 
with variables that influence smaller spatial scales, e. g., Schmidt number and (local) 
Reynolds number. Reynolds number does not affect the large scale structures, but 
the range of scales present, since the ratio of small to large scales present is a function 
of the Reynolds number. Thus in such a process if compressibility effects are to be 
differentiated, variations in Reynolds number along with the other parameters must 
be minimised. 
Chapter 3 
Computational Methods 
The continuous increase in computational power of modern computers and their 
availability has, in the space of 30 years, lifted Computational Fluid Dynamics 
(CFD) from being a study of limited practicality to being an equal partner Nvith 
experimental and theoretical studies. In supersonic aerodynamics where the cost of 
experiments is high, CFD is advantageous. This chapter reviews the methods used 
in CFD in general and specifically those implemented in the in-house Navier-Stokes 
solver, which was used to perform the CFD parameter study of the compressible 
mixing layer and to assist the design of the struts used in the supersonic tunnel 
experiments. 
3.1 Navier-Stokes solver 
The solver is a 2D planar/ axisymmet ric, time-dependent, Godunov-type Reynolds 
Averaged Navier-Stokes solver with both a thin shear layer (TSL) and a full Navier- 
Stokes (FNS) implementation, that can be run either as laminar or with one of 
several turbulence models. This code has been developed within the Department of 
, 
[79]. Aeronautics at Imperial College and has been documented in many works 178], 
[801,181], [821, [831, [84]. The scheme is second-order accurate in space and time and 
is based on the development by Ben-Artzi and Falcovritz [85] which was originally 
modified by P. Podromou and R. Hillier 183] to treat a linear array, multiple flow 
field blocks construction. 
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3.1. Navier-Stokes solver 
3.1.1 Governing equations 
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The Navier-Stokes equations are the governing equations for fluid dynamics. They 
are formulated by applying the conservation laws of mass, momentum and energy. 
For an unsteady, 2D, viscous and compressible flow, in cylindrical coordinates tliey 
are : 
Ou 
+ 
OEinv 
+ 
OFinv 
+ 
(Fi, + Gi, ) OEv 
+ 
OFv 
+ 
(Fv + Gv) 
at ax Or r Ox Or r 
Where U is the conserved variable: U= 
pv 
puv 
p+pv2 
V (p + pe) 
PV 
pe 
(3.1) 
Ie=i0.5(u 
2+v 2) (3.2) 
The convective (hyperbolic) and diffusive (viscous) terms have been separated, 
in the left hand side are the time dependent set of conserved variables U and the 
set of inviscid convective fluxes and in the right hand are the viscous 
fluxes. The 
flux vectors are given by: 
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Where T,,,;, -Fyy, -r., y are the viscous stresses and q, qy 
the heat fluxes, for laminar 
Navier-Stokes solver 
flows these terms are given as: 
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The viscosity and second viscosity coefficients, p and A respectively, are related 
by 3A+2p = 0. The thermal diffusivity k is related to the Prandtl number, Pr = CP" k 
which is assumed to be an insensitive function of temperature and is fixed at 0.72 in 
this study. The viscosity shows a temperature dependence and is calculated using 
the equation provided by Keyes [861: 
(AoT'/2)/(l +A. [10-AlIT]) T 
The coefficients in this equation are given for air (AO = 1.488, A= 122.1 and 
A, = 5.0) and nitrogen (Ao = 1.418, A= 116.4 and A, = 5.0). This code can 
currently treat 8 different gases and in order to work out the viscosity for the rest of 
the gases, or of mixtures of gases, as is the need in this project, it uses Haywood's [871 
viscosity ratios. These relate the viscosity of air to the viscosity of the given gas. 
This is only an approximation, since it assumes that the variation with temperature 
is the same for each component, but it should produce viscosity values reasonably 
near the correct values. 
The system of the equations is closed with the equation of state which provides 
the pressure. Here the working fluid is treated as perfect gas, p= pRgasT. 
The non-linearity of the Navier-Stokes equations leads to a very complex behavior 
and as a consequence analytical solutions to even the simplest flows are not readilv 
available. Instead numerical algorithms are implemented in order to obtain solutions 
to eq. 3.1. 
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3.1.2 Convect ion- diffusion operator splitting 
To solve the basic N-S equation a 'time-splitting' technique is used, in which the 
convective, eq. 3.5, and diffusive, eq. 3.6, terms are solved, updated and marched 
over time independently. The advantage in this process is that it enables the use of 
different numerical schemes for each term which can be tailored to their character- 
istics, thus producing a highly efficient and accurate program overall. In addition it 
allows the two schemes to be further developed separately. 
ou 
+ 
aEinv 
+ 
aFinv 
+ 
at Ox Or 
OU OEv 
+ 
OFv 
at ax ar 
(Finv+ Ginv) 
r 
+ 
(Fv + Gv) 
r 
(3.5) 
(3.6) 
In this code the convective (i. e., Euler) terms are calculated using an explicit 
second order upwind Godunov-type scheme and the diffusive terms are calculated 
using a second order centered differencing scheme. To retain second-order accuracy 
in the overall solution it is necessary to form a symmetrical composite time step [881, 
as in eq. 3.7. The solution vector is time marched from time level n to n+I using 
a convective, Li,,, and a diffusive, L, operator for advancing the respective terms. 
First the solution is updated by advancing the viscous term by half a time step, 
with operator L,. The inviscid term is then advanced by a complete time step, with 
operator Li,,, and finally operator L, advances the viscous term once more by half 
a time step. 
Un+l = Un L, 
Zýt) 
Linv(At) Lv 
(At) 
(3-7) 
(22 
Convective terms 
The convective terms, eq. 3.5, are split again and solved in one dimensional orthog- 
onal sweeps through the mesh directions i and j. The solution is updated using a 
sequence of operator sweeps which compose a second order accurate time step of 
the form: 
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Un+l = Li 
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( At ) 
L, (At) Lj 
( At ) 
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-ýt Un (3-8) 
) 
2 2 2 2 
where Li and Lj are the operators which update the solution in both mesh 
directions and L, is the axisymmetric operator advancing the axisymmetric source 
terms indicated by the overbar in equation 3.5. 
These one dimensional operators are determined using a method based on the 
Generalised Riemann Problem (GRP) proposed by Ben-Artzi [85]. Discretisation of 
the 1D Euler equation (ý2u- + M- = 0) gives the numerical finite volume scheme: at ax 
Uýi+l = Un _ 
Atn 
rn 
i 
ý21/21 77 
Axi 
[Ei+1/2 
-Ei (3.9) 
If m=n the solution is first order in time but if m=n+ (1/2) then it is second 
order in time. The flux at the interface, Ei'+1/27 is a function of the flow variable 
values on either side of i+ 1/2 and its calculation determines the accuracy of the 
difference scheme in eq. 3.9. Spatially the discretisation is first order when the flow 
variables stored at cell-centres are piecewise constant and second order when they 
are stored as piecewise linear elements, which are extrapolated to the boundary of 
the control volume. First order schemes are diffusive and can smear out the flow 
variables, because of the related truncation errors in the numerical approximation. 
The second order scheme can resolve shocks more sharply than the first order but 
the extrapolation of variables to the interface, can cause local extremes, Which can 
lead to adverse oscillations in regions of high gradients. In this solver this problem is 
resolved by applying a monotone limited centred-difference gradient limiter. In both 
discretisation schemes, discontinuities appear at the cell interfaces and the Riemann 
problem is used to solve the fluxes at these interfaces. 
The Riemann problem is essentially an initial value problem in a hyperbolic 
systems of equations which is localised at i+ 1/2: 
UL X<O 
U(X, 0) = 
UR X ýý' 0 
where two uniform flow variable states are initially separated by a discontinuitly 
at the origin (x = 0) and then are allowed to interact. In the simplest Riemann 
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problem, the shock tube problem, the two states have zero initial velocity. whereas 
in GRP they have non-zero velocity. When the shock tube diaphragm bursts. a 
shock propagates into the low pressure gas and an expansion into the high pressure 
gas with a contact discontinuity separating them. In general, depending on the flow 
variable states either side of the interface, the L and R waves can either be shock or 
expansion waves, thus there can be four different non-linear wave patterns - SCS, 
SCE, ECS, ECE, where S denotes a shock, Ca contact wave and E an expansion. 
The Riemann problem is a basic building block for Godunov type upwind nu- 
merical schemes. Godunov suggested solving Riemann problems forward in time. 
Initially a piecewise-linear function approximates the solution inside each cell at 
tn , then the Riemann problem is solved at each cell-interface, and finally the flow 
variables are obtained, at time tn+l, by averaging the local solution inside each cell. 
3.1-2.2 Diffusive Terms 
The diffusive terms, eq. 3.6, are solved using either a temporally implicit scheme, 
the Thin Shear Layer approximation (TSL), or an explicit scheme, the full Navier- 
Stokes (FNS) solver. In both cases the fluxes are calculated at the middle of the 
time step to give a second order accuracy in time. Spatially the viscous fluxes are 
calculated at the cell interfaces, like the convective fluxes were, with the use of a 
second order centered differencing discretisation. 
In the TSL approximation, the streamwise gradients are neglected since they 
are assumed to be small compared with the normal gradients. The FNS scheme 
however does not neglect any terms from the calculation of the viscous stresses and 
heat fluxes. For both schemes the solution is only calculated for the momentum and 
energy equations, the mass conservation equation is reduced to a constant densitý' 
during the viscous time step. 
The time implicit TSL scheme allows arbitrarily large time-step sizes to be used in 
calculations, thus it reduces the convergence time of steady-state cases. In the ENS, 
the viscous terms are solved explicitly and iteratively with a fourth order Runge- 
Kutta integration method. In an explicit scheme each difference equation contains 
only one unknown and can be solved explicitly for this unknown. Thus once Ax 
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is chosen, then At is not an independent, rather --\t is restricted by the viscous 
CFL (Courant- Friedrichs- Levy) constrain. This ensures stability by keeping the 
physical domain of the solution smaller than the numerical domain at all times' 1891. 
Sometimes At must be very small contributing to long convergence time and large 
CPU requirements. 
For multigases the code can do 2D TSL-NS with a simple treatment for the 
mass/species diffusion fluxes. A FNS solver, that incorporates the species diffusion 
fluxes as part of the diffusive terms in the N-S equations was developed as part of 
this project and will be analysed in Chapter 5. 
3.2 Turbulence Modelling 
One of the biggest challenges in computational methods is turbulence modeling. 
Because of the inherent complexity of turbulence the mathematical understanding 
of it is not rigorous. All the turbulence modelling and simulation depends heaN, ilY 
on the physical understanding of basic qualitative turbulent processes. 
3.2.1 Qualitative features of turbulence 
An intrinsic characteristic of turbulence is spatio-temporal randomness, which makes 
a deterministic approach to the problem difficult. Turbulent flows whose initial 
conditions are nearly identical, increasingly diverge over the time scale of dynamical 
interest, thus loss of predictability. However, turbulent flows are statistically stable, 
different realisations have the same statistical properties, such as drag of a sphere 
or rate of mixing of fuel and air [90]. Statistical, time averaging operations lead to 
terms which are not included in the laminar N-S equations. This is the classical 
closure problem where there are more variables than equations present. 
Turbulence is inherently 31), rotational, time dependent and contains an ex- 
tremely wide range of strongly interacting scales. The enormous amount of time 
and length scales that must be computed, i. e. a very fine mesh and very small time 
steps, forms the major requirement imposed on the numerical method. 
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The large scales contain most of the kinetic energy which is transferred to the 
small scales via an energy cascade process. The smallest eddies dissipate that en- 
ergy, on the order of the Kolmogorov scale, into heat through molecular viscositý-- 
Thus turbulent flows are highly dissipative. They are also strongly diffusive. which 
enhances greatly the transport processes of momentum, energy and passive objects. 
The enhanced momentum fluxes act as apparent stresses in the flow, which are 
several orders of magnitude larger than in corresponding laminar flows [91]. 
3.2.2 Solution techniques and turbulence models 
Depending on the treatment of the turbulence, N-S solvers are separated in direct 
numerical simulations (DNS), large eddy simulations (LES) and Reynolds averaged 
Navier-Stokes (RANS) simulations. 
DNS is a numerical solution of the unsteady turbulent N-S equations without 
any ad-hoc turbulence model. The method resolves all the dynamically significant 
scales in the flow down to the smallest dissipative scales (Kolmogorov), making it 
rather expensive. The instantaneous range of scales in turbulent flows, and thus the 
required computer resources, increases rapidly with the Reynolds number, Llq CX 
Re3/4, where L is the large scale and q the small scale length [92]. As a result the 
method is presently confined to small Reynolds number flows. 
The LES method is less computationally intensive since it assumes that eddies 
smaller than 1% of the scale of the flow are dynamically uninfluential and does not 
spatially resolve them [92]. Instead their dissipative effects are parameterized using 
subgrid-scale models. The 3D inertial large eddies which generate and transport the 
turbulence are computed directly, thus the method can predict instantaneous flow 
characteristics. 
This technique is still too expensive and too slow for practical engineering com- 
putations in supersonic mixing. Instead a simpler description is widely used Nvere 
all scales of turbulent motion are parameterized. In this method it is the statistical 
evolution of the flow that is computed rather than the instantaneous flow field. Most 
of the time this is all that engineers are interested in, mean quantities, like mean 
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velocities, temperature, pressure, heat transfer, drag and lift coefficients etc. 
The approach is based on the Reynolds- averaged Navier-Stokes (RAN'S) equa- 
tions in which all quantities are decomposed into mean and fluctuating components. 
Care is taken so that the time over which Reynolds- averaging is performed is larger 
than the maximum period of turbulent fluctuations but smaller than that of N-ari- 
ations in the mean flow [91]. The method assumes that the effects of turbulence 
are contained only in the fluctuating components and it then approximates them 
with the use of phenomenological turbulence models, in order to close the system 
of equations. These models are based on the classical Boussinesq eddy- viscosity ap- 
proximation, where the effect of turbulence on the mean flow is treated in analogý- to 
the effect of molecular viscosity in a laminar flow. The product of this eddy- N'iscosity 
and of the mean strain-rate produces the Reynolds stress. 
The lack of a physical basis for the Boussinesq approximation and the ad-hoc 
nature of the closure models mean that the RANS method needs to be used in 
conjunction with and validated against experimental, theoretical or DNS results. 
Nevertheless its low cost makes it a widely used best-guess approximation in indus- 
try. 
Recently with further advancement in computational power it has been possible 
to set up hybrid codes that use two or all three of these techniques in a zonal 
approach, where different zones of the flow employ a different method. 
The current code uses the RANS method and features a series of turbulence 
models, the algebraic Baldwin-Lomax, one equation variants of the k-E due to 
Baldwin-Barth and Menter, and the two equation k-E model of Launder-Sharma. 
In this study two models were investigated the Menter one equation and the Launder- 
Sharma two equation. 
3.2.3 One and two equation Turbulence models 
One and two equation models are based on the turbulent kinetic energy equation 
and they were developed to incorporate non-local and flow history effects in the eddy 
viscosity. The concept of a turbulence kinetic energy originated from Prandtl (194-D) 
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who chose it as the basis of his characteristic velocity scale for the turbulence ['911: 
i 
ýUli 
=1 
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+ 
Prandtl also showed that dimensional arguments dictate that the eddy viscosity 
is related to k by: 
tit = constant * pk 
1/2f 
The approximate, incompressible version of the turbulent kinetic energy trans- 
port equation is : 
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where on the LHS there are the unsteady and convection terms and on the RHS 
there are the production, dissipation and the diffusion terms. In the diffusion of 
kinetic energy term, 07k is a closure coefficient. To close this equation, the Reynolds 
stress tensorTi3 and the dissipation E must be specified. 
The Reynolds stress tensor is given by the Boussinesq approximation, Tij = 
2ytSjj - (213)pkJij, where Sij is the mean strain-rate tensor. For the dissipation, ý7, 
dimensional arguments show that E= CD* k'l'f, where CD is a closure coefficient 
and f is the turbulent length scale that remains the only unspecified part of the 
model [91]. Thus one equation models have two closure coefficients, CDand Uk, and 
one closure function, the length scale f, which is related to some typical flow di- 
mension. Historically this was usually Prandtl's empirical mixing length, which was 
proportional to the distance from the surface for boundary layers and proportional 
to the width of the layer, J, for free shear flows, i. e. jets, wakes and mixing layers. 
Both the eddy viscosity and mixing length are fluid flow properties so they must 
be specified in advance, which makes one equation models incomplete. By contrast, 
two equation models provide a second transport equation for the dissipation 6, eq. 
3.11, or the specific dissipation rate, w- Elk, and do not require prior knowledge 
of the turbulence length scale, thus they are complete. 
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The partial differential equations 3.10 & 3.11 form the basis of the standard k -e 
model, the Launder-Sharma model [93]. 
In this model the eddy viscosity pt , is calculated according to eq. 3.12. which 
relates the dissipation, eddy viscosity and length scale on the basis of dimensional 
arguments. 
At :: ý pct, 
k (3.12) 
E 
The closure coefficients for the standard k-E model are 191] : 
C, j = 1.44, Cc2 =1.92, CIL = 0-097 Uk = 1-0) a, = 1.3 
(3.13) 
Menter [94] simplified the basic k-6 model, reducing it to a single transport 
equation for the turbulent kinematic viscosity F/t, eq. 3.14, using Bradshaw's as- 
sumption that the turbulent shear stress is proportional to turbulent kinetic energy, 
or Productionk = Dissipationk, eq. 3.15. 
CIL 
k (3-14) 
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.t '9u = %7C-m k (3.15) Oy 
Equation 3.14, relates the eddy kinematic viscosity to k and E. The substantial 
derivative (p! ýv: -, + pUj ýL"-) of this equation is given 
bellow 
at axj 
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Substituting for the derivatives of k and 6 from eqns 3.10 and 3.11, giN-es the 
transport equation for the eddy viscosity as a function of : 
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The equation is closed by replacing E and k from eqns 3.14 and 3.15 respectively. 
and assuming that the diffusion coefficients are identical, O'k ::::::: O'c ý 1-0 The final 
form of Menter one-equation variant of the k-E model is : 
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Where the closure coefficients are as follows: 
C1 I C, == -ý = 0.144, -+- - 1.86, 
(Cc2 
- Cel) V'C C2 =- k2 (T 
The strain rate S is expressed as : 
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The destruction term El, is calculated as : 
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The implementation of the Launder Sharma model in the code was an extension 
of the Menter one equation model, with the production term , S, treated identically 
to the Menter model and with the addition of the dissipation equation, eq. 3.11. In 
either model the extra equations are solved simultaneously with the Navier-Stokes 
equations, with the viscosity p and the heat conductivity q, being replaced with +t 
and q+ qt. 
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3.2.4 Compressibility modelling and corrections 
Both models mentioned above are implemented as incompressible (Reyno Ids- ave raged). 
based on the Morkovin Hypothesis [95]. This states that the relevant speed in com- 
pressibility effects is that of the large eddies, not of the flow itself. So if the eddies 
travel at subsonic velocities, the fluctuating component of density is considered to be 
insignificant to the determination of the turbulent structure, compared to the local 
mean density. For low compressibility mixing layers this works with small error. but 
as it will be shown in Chapter 4 the Menter one equation model was not able to 
capture the suppression in normalised growth rate with increasing compressibility. 
In order to model the compressibility effects, the existing incompressible schemes 
are modified with the addition of new terms in the closure formulation. 
In high-compressibility flows the density variation and the Mach number effect 
must be considered, and the k equation is derived in compressible (Favre- averaged) 
form, eq. 3.19. This has the same basic form as the Reynolds- averaged k equation, 
with a different notation and two extra terms, the pressure work and the pressure 
dilation [911. The pressure work is usually neglected since there is not enough data 
available for modelling it. 
A- Ok 
_ 
aiii 
pEt+ < pd >+0[ 
(11 
+ pt 
) Ok 
(3-19) Pat +Pujaxj - 'llaxi axj O'k aXJ 
where ftj is the Favre-averaged velocity, < pd > is the pressure- dilat at ion term 
and Et Es + Ed is the total dissipation. In this, E, is the solenoidal and Ed the 
dilatational dissipation, which is only present for compressible flows. Both Ed and 
< pd > are due to the divergence of the fluctuating velocity. The Launder-Sharma 
model in the code incorporates a compressibility correction from Wilcox for Ed 1361. 
It postulates that Ed is a function of the turbulence Mach number, eq. 3.20, and 
that it is proportional to c, eq. 3.21. 
Mt2= 2k/a 2 (3.20) 
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'Ed ýC- F(Alt) - c, 
where ý* is a closure coefficient. For Wilcox's model ý* and F(-IIt) are equal to : 
e* = 3/2, F(Mt) = [Mt2- 
Mt2 
,'] ^r (Mt - mto) (3.22) 
where T (x) is the Heaviside step function and Mt,, = 0.1 Vý2-/ -(-, + 1) according to 
Zenman's recommendation for free shear layers [361. 
The Wilcox model assumes that the compressibility effects influence only the 
dilatation dissipation and thus the production, and that the effect on the pressure 
dilatation is negligible in comparison. It is an energetic approach to the modelling 
of compressibility, it does not treat the compressibility effects in the structure of 
turbulence, it only models its effect on the transport of the turbulent kinetic energy. 
The model is based on the eddy shocklet assumption. The turbulence Mach 
number square is the turbulent kinetic energy, or the square of the turbulent velocity 
fluctuations divided by the speed of sound squared, so in effect it is the Mach number 
of the turbulent fluctuations. It depends on the velocity difference across an eddy. If 
that velocity or the corresponding Mach number is high enough that it can support 
shock waves, or shocklets as they are called, then there will also be shock wave 
induced dissipation. It is a theoretical model that has been successful in predicting 
the drop in the normalised growth rates of free shear layers 136,911. 
The other terms in eq. 3.19 are modelled identically to their incompressible 
(Reynolds averaged) counterparts, this simplification will introduce errors for high 
compressibility cases were the Morkovin hypothesis does not hold. 
3.3 Code validation 
The laminar CFD solver has been validated against several benchmark experimental 
cases that were carried out in the Imperial College Hypersonic facilitY [96]. 1971, 
[981. 
[991. Jackson et al. [971 conducted a study of a surface cavity in a low Reynolds 
number flow at Mach 9. The experimental and CFD pressure data showed excellent 
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agreement, particularly at the reattachment lip. The same holds for the heat transfer 
data at the separation and reattachment points with some discrepancies on the cavity 
floor. Fiala [100] conducted a comparison of the location of a bow shock wave ahead 
of a blunt body. The location obtained from the laminar CFD and experiment had 
less than a 5% discrepancy in terms of normal distance to the wall of the shock wave 
location. 
The supersonic facility of Imperial College was also used for validation purposes, 
Rusdianto performed a comparison between his experimental shock wave, Mach and 
regular, reflection and the CFD prediction for it and found a very good agreement 
111011. 
Validation work on the turbulent CFD solver can be found in the works of 
Kirk [811, Williams [981 and Murray 1102]. Williams compared the experimental 
and CFD prediction of heat transfer on a cylindrical forebody at Mach 9. Three 
turbulence models were compared to experimental data; the Baldwin-Lomax, the 
k-E Launder-Sharma and the Menter one-equation model. All turbulence mod- 
els were computed with the same transition parameters. In the laminar region, the 
models show excellent agreement with experiment, and close agreement is also made 
in the transitional and turbulent regions for all three models. 
Murray [102] used the Menter one equation turbulence model to compute shock 
wave and boundary layer interactions. He compared CFD results to experiments 
he conducted in the Imperial College gun-tunnel. He found that CFD accurately 
captured the surface pressure through both attached and separated interactions, but, 
CFD predictions of heat transfer were poor in regions of strong pressure gradient or 
reversed flow (separated region). 
Finally Boon [84] conducted inviscid and turbulent simulations of NASA's HRE 
and QinetiQ's SHYFE intakes and found a very good agreement with the available 
experimental results for the two engines. 
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3.4.1 Geometry definition, initial and boundary conditions 
The Boundary Conditions (BCs) are Dirichlet (specified value). There were two 
sets of initial conditions one for each of the two freestreams, with flow variables U1, 
V1, p, and p, for the stream on the top and U2, V2i P2 and P2 for the stream on 
the bottom. Two data blocks for top and bottom are used in order to initialise the 
simulation. 
The two streams are initially separated by an infinitesimally thin splitter plate, 
thus the top interface of block I is treated as solid. The simulations are viscous but 
the viscous solver is switched on after the splitter plate trailing edge. Otherwise the 
plate's length and the boundary layer thickness would become important parameters 
in the study. 
The left boundary uses an inflow boundary condition, it is fixed at the initial 
values, and the right boundary uses an outflow boundary condition, it is continuous. 
The top and bottom boundary conditions are fixed at the initial values but for the 
axisymmetric jet cases the bottom boundary condition was set as a solid wall. Figure 
3.1 shows a graphic illustration of these boundary conditions. 
The inflow boundary is placed sufficiently upstream of the splitter plate trailing 
edge, to guarantee the uniformity of the two streams prior to mixing. The length of 
the domain was selected via trial and error to allow the evolution of the shear layer 
to the self similar state. The top and bottom boundaries are placed far enough to 
avoid the shear layer edges reaching them. 
v 
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Origin (or wall B. C. ) 
Figure 3.1: Boundary conditions 
The studies in this work were 1D unsteady and 2D steady, planar arid axisym- 
metric. From the CFD viewpoint there are enormous advantages to limiting the 
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CFD simulations to two-dimensional flows and not computing fully 3D flowfields. 
The main advantages are two-fold: 
1. Even two-dimensional computations are expensive, and fully resoIN-ed three- 
dimensional simulations may prove prohibitively expensive, 
2. New issues of compressible turbulent mixing are being considered. and it is 
only sensible to develop these first for the two-dimensional case. 
3.4.2 Mesh 
Mesh generation is an important and, usually, time consuming process of CFD 
analysis. The quality of the numerical solution of the N-S equations is closely linked 
to the quality and resolution of the mesh. A good quality mesh can accelerate the 
convergence of the solution, while a bad grid can even lead to a divergent iteration 
history. When setting up the mesh a compromise must be made regarding the mesh 
resolution, between speed and accuracy. For a quick solution, the mesh should be 
as coarse as possible while the best accuracy is achieved with a fine grid. 
The meshes employed in this study are structured and made up of quadrilateral 
cells. These cells are good at filling space and support a high amount of skewness and 
stretching without producing large errors. One disadvantage of structured meshes 
is that during mesh refinement, additional cells are not just added to the area of 
interest but other areas as well increasing solution time. The mesh consists of several 
blocks connected together to construct the whole domain, each one containing a set 
of cells. The blocks are connected with full topological and physical matching. Some 
examples of meshes generated for this study are presented in the mesh convergence 
section 3.4.3. 
3.4.3 Mesh convergence study 
After the mesh is set up the computation is time-marched from the initial state 
to a converged steady state. Mesh convergence studies were conducted to obtain 
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mesh independent CFD solutions. This was achieved bN- mesh refinement in the 
compu ationa domain until there was negligible change in the solutions. 
In the set of parameter studies performed, each case resulted in a different sliear 
layer. Mesh convergence was ensured as follows: For each set of runs on a parameter 
study, a coarse mesh was set up for the expected extreme case with the thickest shear 
layer and was then used for the remaining runs. After the coarse runs were over 
the mesh was adjusted to the thickness of the thinnest shear layer case and mesh 
converged for it, Figure 3.3. The mesh was refined by splitting each cell of the 
coarser mesh into four cells. Then the resolution of the fine mesh was used for the 
rest of the runs in the particular parameter study. The logic being that if the mesh 
resolution was sufficient to accurately resolve the thinnest shear layer then it will 
also resolve the thicker ones. The shape and size of the computational domain was 
adjusted to the thickness of the mixing layer of each different case. This was easier 
in the turbulent simulations since there the mixing layer grew in a linear fashion, 
whereas in the laminar simulations it grew in a parabolic fashion. However the 
laminar cases were producing significantly thinner shear layers and thus did not 
pose a considerable strain on the computational resources anyway. 
Figure 3.2 shows the density profiles from two examples of the mesh convergence 
study, one for the 2D laminar case and one for the 2D turbulent case, with single 
gas computations for both. In the laminar case the flow conditions were M,,, = 0.5, 
U21U, = 0.7 and P21P1 =I and the profiles were normalised as (ylx) - -, IRex, as seen 
in Fig. 3.2 (a), which will be explained further in section 4.2. In the turbulent case 
the flow conditions were M,,, = 1.0, U21U, = 0.6 and P21PI = 1.5 and the Menter 
one equation model was employed. In this case the profiles were normalised by the 
thickness J, of the shear layer at the station where the profiles were obtained, Fig. 
3.2 (b). Three levels of mesh refinement were employed and there is good agreement 
for all levels. Considering the change from the coarse mesh through to the medium 
and the fine mesh, it is unlikely that a further refinement would have any significant 
effect - 
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Figure 3.2: Comparison of the density profile results from the three levels of niesh 
refinement, single gas (a) 2D laminar shear layer and (b) 2D turbulent shear layer. 
Figure 3.3 shows as an example the medium and coarse meshes that were ern- 
ployed in the turbulent case above. 
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Figure 3.3: a) medium mesh 165 x 150 and b) fine mesh 330 x 300. 
Chapter 4 
CFD single gas study 
This chapter reports the work on the viscous flow modelling of ID unsteady and 
2D steady development of compressible, planar, single gas mixing layers as well 
as growth rates of an axisymmetric jet into a co-flowing free stream of the same 
gas. The definition of the characteristic flow parameters for each case is presented, 
together with the parameter study results. 
4.1 One dimensional unsteady mixing layer, lami 
nar. 
In this section the temporal growth of the one-dimensional mixing layer is investi- 
gated. The one dimensional problem is set up as shown in the introduction, Figure 
1.2 (a), with the east and west boundaries of the flow assigned to ±oo. Two pressure 
matched streams of the same gas are impulsively started with different velocities, 
and/or different densities, and a shear layer develops. Whether the frame of ref- 
erence is fixed or one moving at the convective velocity of the mixing layer it will 
result in the same flow physics, Galilean invariance. Thus "whatever the values of the 
velocities U, and U2, only the velocity difference is significant M this temporal prob- 
lem" [25]. This problem can illustrate some basic properties of viscous compressible 
flows, but first the characteristic parameters of the flow need to be identified and a 
CFD parameter study performed. 
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4.1.1 Dimensional analysis of the problem - single gas 
Initially a dimensional analysis was performed to define the characteristic paraine- 
ters involved. The set of characteristic parameters and the results for the physical 
behaviour of viscous compressible mixing layers must be independent of the choice 
of units. Presented in this way results can be applied generally in any self-consistent 
system of units and be readily compared with other sources. 
The initial choice of variables which characterise the flow is crucial and it de- 
mands great care. On a physical, intuitive basis the most primitive specification of 
quantities for this flow is: 
9 The velocity difference, U, - 
U2 
o The freestrearn densities, pi 7 P2 
* The freestrearn pressures, pl, P2, or just p=p, = P2 for pressure matching 
e The two specific heats C, and Cp, or -ý and Cp 
e The freestrearn viscosity coefficients, pl, P2 
e The freestrearn heat conductivities, ki, 
k2 
* Finally the coordinate y, and time t, 
Overall any flow property, say the velocity ft = (U - 
U2) / (Ul - U2), can be written 
as a function of these variables : 
fL=f(Ul-u2i P17 P21 P) "Y) Cpi Ali A2, ki, k2) Y) 0 (4.1) 
The set of physical variables must be independent of each other, so that one can 
not be derived by combining the others. In this case the temperatures, 
T, and T2, 
can be worked out from the perfect gas equation, -P- =RT, and -P- =R 
T2, where Pi P2 
the gas constant is obtained from R= Cp 1) 1-y. In terms of viscous effects a 
constant Prandtl number is assumed, 
Pr = 
[11CP 
= 
112Cp thus if both values of the ki k2 ) 
viscosity are provided only one conductivity value is required, 
kj. 
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Since the two temperatures are known the set above could instead use one ref- 
erence viscosity, say jil. The other viscosity can be worked out by the knowledge 
of T2 using an empirical viscosity law (Keyes law in this study). if the proportion- 
ality constant is provided. But that is not reducing the amount of variables in the 
set above, so it is preferable to specify the second viscosity valueA2 instead of tile 
proportionality constant. 
Pressure p can be replaced by the speed of sound of either stream, a, or a2. In 
fact, if a dimensionless group is formed that is a Mach number related to the mixing 
layer, it would benefit from using as the speed of sound, the average speed of sound 
of the two streams, d (a, + a2)/2. Substituting for a, and a2 from the known 
densities and pressure 
V/7PP2 + N/ýWl 
2 ý, / p 
-lp2 
/E2 
+ 
pi 
2/a2 
(4.2) 
If " +'2 
and pi, P2 are specified then a, and a2 can be calculated from eq. 4.2, 2 
thus eq. 4.1 becomes : 
f (Aul P17 
P2 
IaI "Y I 
cp 
7A 1) 
/12 
7 ki, y, t) (4-3) 
Pi Al 
The next step in the dimensional analysis is to use the Buckingham Pi theorem. 
This states that if K is the number of fundamental dimensions needed to describe the 
variables and N is the number of the variables present, then the physical relation 
can be expressed as a function of (N-K) dimensionless products. Furthermore it 
provides the method for computing these dimensionless products, even if the form of 
the physical relation is still unknown. Each product is formed out of a dimensionless 
grouping of K repeated variables plus one other physical variable from the given set. 
In eq. 4.3 there are 11 physical variables. The fundamental dimensions required 
to express them are four, mass(Kg), length (m), time (sec) and temperature (K). 
So there will be a set of 7 independent dimensionless products and eq. 4.3 becomes 
P2 P2 yy f Wrel, 
Pi 1 1) 
pr, 
Al I ýVýV=--t )a-t 
(4.4) 
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where M,,, . ul-, E2. There are two characteristic propagation speeds, diffusion 
(due to C/) and accoustic (due to a). Thus there are two characteristic time scales 
that control the growth with time; a slower diffusion scale, y/V/Ot, and a fast acoustic 
disturbance scale, y/at. If the pressures are not matched then it becomes a shock- 
tube type problem where the pressure time scale y/at dominates. Pressure matching 
does not mean that the pressure remains uniform through the shear layer as the 
interaction develops; the pressure can change and this will radiate disturbances awaý- 
at the speed of sound. However for the mixing layer considered here the pressure 
wave effects should be small (but not negligible) so that y/V 'Ot becomes the natural 
way to normalise the coordinates. 
The essential point from eq. 4.4 is that the dimensionless shear layer properties 
include a dependence upon a Mach number difference as well as the density and 
viscosity ratios. 
4.1.2 CFD parameter study 
At first the simplest case with uniform density, P21P1 = 1, was studied, with air as 
the test gas. The density and velocity profiles are plotted in Figure 4.1 (a) & (b) 
at different iterations for a representative case where M,,, = 1.0. The mixing layer 
is seen to increase in thickness with time. In Figure 4.1 (c) & (d) the same profiles 
are plotted versus the non-dimensional ý. As expected the self similar profiles all 
collapse to the same curve. 
The region of gradual velocity change from one stream to another is the shear 
layer, Figures 4.1 (b) and (d). Figure 4.1 (a) shows that even though the density is 
uniform to start with, a density gradient is developing in the shear layer; the effect of 
the heating caused by viscous diffusion in the shear layer. With increasing iterations 
the change in density gradient decreases. This is because the rate of diffusion I 
is also falling, reducing the heating effect in the centre of the shear layer. 
The TSL model was also used for comparison, Figure 4.2. Both computations 
agree as expected since this problem is essentially a thin shear layer problem; the 
derivatives in the x axis are negligible. 
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Figure 4.1: P21P1 = 1, A/I,,, = 1, a) and b) are plots of the 
dimensionless density 
and velocity profiles at different iterations, c) and d) are plots of the same profiles 
versus the non-dimensional value for y. 
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4.1. One dimensional unsteady mixing layer, laminar. 
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Figure 4.2: Plot of the comparison between FNS and TSL, P21PI =I and AI,, j = 1. 
Nonuniform density 
The first parameter to be varied was the density ratio P21P1 while the rest of the 
characteristic parameters where kept constant. The relative Mach number was fixed 
to 1. In all the test cases, stream number I was the fast and stream number 2 was 
the slow by standard convention. 
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Figure 4.3: Effect of increasing the density ratio P21P1, the relative Mach number 
was fixed to 1. 
The smaller the density ratio the better is the mixing, Figure 4.3, (or else that it 
(U - U2) 1 (Ul - U2) 
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is better for the high speed stream to also have higher density). If the centre of the 
shear layer is defined arbitrarily as the mid-distance between the two edges of tile 
shear layer (within one percent of the free stream values). then for the large densitý- 
ratios the centre of the shear layer is moving towards stream 1 and for the small 
density ratios it is moving towards stream 2. In other words in both cases the centre 
is moving towards the light stream. The trend shown in Figure 4.3 is in contrast 
to the trend described in section 2.3.1, but here it is a laminar 1D unsteady floNN'. 
rather than a turbulent 2D steady. 
4.1.2.2 Effect of the relative Mach number, M,,, 
Next the density ratio was fixed to 1 and the relative Mach number was varied while 
the rest of the characteristic parameters were kept constant. Mrel was varied bý, 
changing the velocity difference between the two streams but keeping the speed of 
sound constant. 
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Figure 4.4: For uniform density, P21P1 = 1, the effect of increasing the relative NIach 
number a) density and b) velocity profiles. 
From Figure 4.4 the effect of increasing the relative Mach number is to increase 
the self-similar width of the diffusion/ mixing affected area. 
This effect can be at- 
tributed partly to the increased shear stress caused by the increased velocitY 
differ- 
ence and partly to the increased compressibility. 
The density change in the shear 
layer also increases with AI,, j. This can be explained 
by the increased shear stress 
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which leads to more viscous diffusion and thus a greater heating effect. Thus for the 
1D unsteady laminar problem the compressibility seems to ass, st the growth of the 
mixing layer, in contrast to 2D steady turbulent mixing layer that was reviewed in 
Chapter 2. 
These two results for P21p, and M,,, are in contrast to the trends reported in 
the literature for turbulent 2D steady mixing layers but are in agreement with the 
TSL calculations of laminar ID mixing layers by Ince [103]. 
For all these computations Prandtl number was set to 0.7 giving a larger thermal 
(density) mixing layer than momentum (velocity) shear, Figures 4.3 and 4.4. 
4.2 Two dimensional steady mixing, laminar 
The spatial growth of a two dimensional laminar mixing layer is investigated using 
two pressure matched streams of the same gas. They are initially separated by a 
finite length plate and subsequently are allowed to mix at x=0 as shown in Figure 
1.2 (b). A mixing layer develops with time and eventually becomes steady. Similarly 
to the 1D unsteady case the velocities and the densities change, and thus the tem- 
peratures, of the two streams. To understand the physical relationships involved in 
this flow the characteristic parameters were identified and a CFD parameter study 
performed. 
4.2.1 Dimensional analysis of the problem 
Assuming the flowfield reaches a steady state the equations of motion describing it 
will be a function of x and y. In addition for this problem there is need for a second 
velocity in the set of characteristic variables. For the 1D problem a flow particle 
in the fast stream could only perceive how fast it was moving relative to the slow 
stream. Here it can also perceive at what rate it is moving away from the splitter 
plate TE. Thus the next important point is the best manner in which to specify the 
input velocities. Specifying the two stream velocities U1, U2 is a valid choice but 
other forms may assist more in determining the flow physics. A more appropriate 
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specification is the convective velocity and the velocity difference: 
uc = 
Ul + U2 
IýkU = 
(Ul 
- 
U2) (4.5) 
2 
If U, and AU are specified then U1, U2 can be calculated from them. Thus by 
introducing U, in the set of parameters and by substituting t with x eq. 4.3 becomes: 
P2 
- 
/12 f (Ucj AU, pl) 
Pi , 
a, -y, CpI I-Lll 
ill ) 
kii y, x) (4.6) 
And the corresponding dimensionless products are : 
ii f (MI Mre, 
I 
P2 
1 11 Pr) 
A2 
1YI Rex) (4.7) Pi PI X 
The growth of a laminar shear layer is given by ý 0C [921. Based on this x 1/2 Reý; 
dimensional argument y can be normalised as Y-VIR-ex. Profiles of properties x 
at any downstream position x in the far-field should be self similar when plotted 
against this. Thus the last two products of equation eq. 4.3 were combined to 
substitute ylx with 2 VR-ex x 
P2 P2 m7y, Pr, ,Y 
VRe fi f (M7 
rel i Pi ILJ X ,, 
Re, ) (4-8) 
The essential point from 4.8 is that the dimensionless shear layer properties 
include a dependence upon a Mach number difference and a mean Mach number, as 
well as a mean Reynolds number and the density ratio. The mean Mach number is 
expected to control the growth rate in the near-field (near the trailing edge of the 
separating plate), where initially the growth of the shear layer generates pressure 
waves which radiate away at the Mach angle. The relative Mach number is expected 
to control the growth rate in the far-field. The link between these two Mach numbers 
is the velocity ratio: 
si- 
uc 
AIrel ý 
Au 
1+ Uratio 
) 
Alrel 
(1 
- 
Uratio 
(4.9) 
In the turbulent compressible shear layers literature the velocity ratio -Uýl is used U1 
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as one of the characteristic parameters of the flowfield (see discussion in literature 
review). If the velocity ratio is used there is need only for one of the characteristic 
Mach numbers and since this project will investigate the growth rates in the far-field. 
the relative Mach number was the natural choice. Thus, finally, eq. 4.8 becomes: 
A 
U2 
, 
Mel, 
U, 
P2 
ý 1, Pr, 
/12 
, 
Y-\IlRe-,, Re,, ) 
PI ttl X 
(4.10) 
4.2.2 CFD parameter study 
The parameter study was initiated by considering the simplest case of uniform den- 
sity throughout, P21P1 = I- In the example shown in Figure 4.5, the flow pa- 
rameters were the same as in the example of Figure 4.1 for the ID unsteady case, 
Mrei = 1) U2/Uj = 0.75. Figure 4.5 (a) shows the velocity contours with the ve- 
locity of the centreline being the average of the two velocities. Figures 4.5 (b) and 
(c) show the dimensional and self similar velocity profiles at three different down- 
stream stations. As seen in the contour plot the simulation is capturing the shear 
layer which is seen growing in a parabolic manner, as it was expected. In addi- 
tion the self similar profiles all collapse roughly to the same curve which validates 
. 
VRe,, f. The higher the Re, or the further the non-dimensionalisation of y as -2- 
downstream, the better the collapse. 
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Figure 4.5: Uniform density, P21PI = 1-0, U2/Ul = 0.75 and A/I,,, = 1. (a) Velocity 
contours, (b) velocity profiles at different downstream stations and (c) self similar 
profiles plotted versus ý- 
Similar to the ID unsteady mixing case, the viscous heating in the shear layer 
causes an associated drop in density, Figure 4.6. Because of the parabolic growth of 
the shear the variation in velocity and density reduces with downstream distance. 
In Figure 4.6(b) the profiles are plotted again versus the non-dimensional ý and they 
collapse in a satisfying manner. 
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Figure 4.6: Uniform density, P21PI = 1.0, U2/Ul = 0.75 and M,,, = 1, (a) density 
profiles at different downstream stations and (b) self similar profiles plotted versus 
The larninar 2D steady shear layer and the larninar 1D unsteady shear layer can 
be compared. Over a unit of time At the shear layer will grow to a value 6, in the 
ID unsteady case. Assuming there are large scale structures in the flow convecting 
at the average or convective velocity of the shear, U, the strearnwise distance they 
will traverse over the unit of time will be x -- U, - At. If the same set of characteristic 
parameters is considered in the spatially growing shear layer then, at the station x 
downstream from the splitter plate, the shear layer thickness should be very close 
to 6. 
Figure 4.7 shows the comparison between the ID unsteady case of Figure 4.1 
and the corresponding 2D steady case with the same flow conditions. The velocity 
and density profiles were sampled after a specified time interval, At, in the ID 
computation and at the equivalent x distance in the 2D case, where x= UAt. 
The shear layer thickness is very similar in the two cases. The profile for the 2D 
case is slightly offset from the centreline. This was also seen in the contour plot of 
Figure 4.5 (a), as the shear layer develops it has a slight inclination to the centreline. 
This is related to the pressure recovery produced by the presence of the shear layer 
in the 2D steady case and the requirement of pressure matching. 
The profile for the 2D case was extracted after the flow became steady, so a 
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Blasius type solution is expected, (but still the agreement is really good) - 
It is 
expected that if the 1D steady case is compared with the part of the 2D shear that 
is still developing, or unsteady, for which the solution will be Rayleigh type then 
the agreement should be even better. 
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Figure 4.7: (a) Density ý and (b) velocity ii profiles for a ID unsteady and 2D steady 
computations with, P2/p, = 1.0, U2/Uj = 0.6 and M,,, = 1. 
4.2-2.1 Effect of the density ratio, P21,01 
The convective velocity, U, is not straight forward in the case of non-uniform density 
streams. In fact, as mentioned in the literature review, Papamoschou and Roshko [4] 
assume that the main effect of the density ratio is to determine U, as shown in sec- 
tion 2.3.1. For a single gas, where -yj -"Y2, that expression becomes U, - 
'2u11'1u2 
01+02 
which is widely used in the literature as an average velocity more physically repre- 
sentative of the mean motion [4]. In this study simply the average of the velocities 
is used, U, = ul+u2 , 
but there is nothing special with this definition or the one from 2 
the literature'. Any definition chosen, as long as it makes physical sense would do, 
since there is a range of velocities present throughout the shear layer. 
A computation with P21PI = 2.0, IVI,, j = 1.0 and U2/Ui = 0.6, was set up and 
the property profiles were normalised using sv-N/-R-e,, f, Figure 4.8(b). x 
'For uniform density, P21P1 == 1.0, the two expressions become equal. 
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Figure 4.8: Non-uniform density, P2/Pl = 2.0, U2/Uj = 0.6 and A/I,,, = 1. (a) velocity 
profiles at different downstream stations and (b) normalised velocity profiles. 
For the study of the density ratio effect the relative Mach number was fixed 
at M,,, =I and the velocity ratio at U21U, = 0.6. The density ratio was varied 
by varying P2 2. Figure 4.9 is the density and velocity self similar profiles of the 
test cases but it is not clear from these plots how the self similar thickness varies 
with density ratio. Therefore the self similar thickness ý was calculated using the 
velocity profiles, Figure 4.9(b), and plotted against P21P1 in Figure 4.10. The edges 
were taken to be at the ý position were the velocity has reached within 1% of its 
free stream value. From this graph P21PI = 1.0 is a minimum, and the self similar 
thickness increases for P21p, both smaller and larger than unity. An additional test 
case was set up with P21p, = 4.0 and is plotted in this graph to verify the increasing 
pattern for larger than unity ratios. 
'The values of the characteristic parameters used in these set of runs are presented in table 4.2. 
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Figure 4.9: Self similar (a) density and (b) velocity profiles with increasing density 
ratio, M,,, -I and U21U, = 0.6. 
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Figure 4.10: Self similar velocity layer thickness 
ý versus the density ratio, M,,, 
and U21U, = 0.6. 
For the 2D case the growth of the mixing layer is also important. Figure 4.11 (a) 
shows the velocity profiles from the 6 test cases taken at a given downstream station. 
These are plotted against the perpendicular distance y normalised by the x position 
of that station. In addition the thickness 6 of the mixing layers was calculated 
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similarly to the self-similar thickness ý, and normalised by the same downstreani 
distance x, Figure 4.11 (b). The trend shown in this plot is in contrast to the trend 
of the self similar thickness, the growth of the mixing layer reduces nearly in a 
parabolic manner with increasing P21PI- 
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Figure 4.11: (a) Velocity profiles at a fixed downstream station. (b) The mixing 
layer growth and the convective velocity uncoupled growth for the density ratios 
investigated. 
There was a mesh related issue in working out the velocity thickness 6. Take 
the top edge of the velocity layer, initially the y value of the first J cell for which 
fL > 0.99 was used. Then a better approximation was devised taking the variation 
of the velocity between cells j-1 and j as linear and working out the y value that 
corresponded to fL = 0.99, Figure 4.12 (a). Even after this improved approximation 
there is still a small oscillation in the curve, this is explained because the solution 
is periodically shifting up by one j cell with downstream distance, Figure 4.12 (b). 
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Figure 4.12: Obtaining delta. 
Each test case had a different U, and as it was demonstrated in the comparison 
with the 1D unsteady case above, even if all of them had the same growth rate 
over time, in the Rayleigh region of the mixing layer, it would still appear that the 
growth rate in the downstream direction was changing from one case to the next. 
The effect of the convective velocity U, was uncoupled from the measurements of 
thickness 6 as follows. The mixing layer growth is parabolic. thus the U, lincolipled 
thickness is: 
uc 
6uc =6-L UC* 
(4.11) 
where U, * is the convective velocity of the smallest P21P1 test case. Figure 4.11 
(b) also plots the U, uncoupled growth of the mixing layer. The growth reduces 
again with increasing P21PI. This result indicates that for this laminar 2D steady 
mixing layer the density ratio is not solely responsible for setting the convective 
velocity. If that was the case then the U, uncoupled growth would remain constant 
for all density ratios employed. 
4.2.2.2 Effect of the velocity ratio U,,, ti, 
During this study P21p, and A1,1 were kept constant at I and 0.5 respectively and 
U,,, ti,, was varied 
by changing the individual velocities but keeping their difference 
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fixed 3. Plotting the self-similar profiles from each test case, Fig. 4.13, it appears 
that, apart from the slight offset from the centreline for smaller valuesOf Uratio) there 
is no significant effect on the self-similar width of the diffusion/ mixing affected area. 
This means that for a case with different velocity ratio than the existing test cases. 
but with the same P21p, and Mreh one can just substitute the Reynolds number and 
the distance x downstream of interest to find the shear layer thickness. 
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Figure 4.13: Self similar (a) density and (b) velocity profiles with increasing velocity 
ratio, P21P1 = 1.0, and M,,, = 0.5. 
Figure 4.14 shows that the growth of the mixing layer reduces linearly with 
increasing velocity ratio. This behaviour is similar to that of the incompressible 
turbulent mixing layer reported in Brown & Roshko [25], Eq (2.10), where the 
visual growth rate reduces linearly with increasing velocity ratio. 
'The values of the parameters used for each run are tabulated in Table 4.3. 
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Figure 4.14: (a) Velocity profiles at a fixed downstream station. (b) The mixing layer 
growth and convective velocity uncoupled growth for the velocity ratios investigated. 
The high U,,, ti, values correspond to higher convective velocities and thus Reynolds 
numbers. The effect of increased convective velocity, has been factored in the self 
,,: VF]Te,, f. 
Similarly if the effect of the vary- similar profiles by normalising as 
ing convective velocity is uncoupled from the growth measurements above, using 
eq. 4.11, the resulted values vary only 0.5% over the U,, ti, interval, Figure 4.14 
(b). This is within mesh convergence error. The fine mesh version for these set of 
runs was converged for the case with the thinnest shear layer and then the same 
resolution (number of cells per millimeter in the y direction) was used in the other 
cases as well. As seen in Figure 4.14 above, the mixing layer thickness reduced 
with increasing velocity ratio. The thinner the shear layer the less the number of 
cells that are capturing the velocity profile and the more abrupt the transition from 
U-U2 - 0.99 to 1.0. This leads to an increased uncertainty in the tracking of the U1 -U2 
edge of the velocity mixing layer to within 1% of the free stream velocities. 
4.2.2.3 Effect of the relative Mach number, A/I,,, 
The relative Mach number was increased by increasing the velocity difference, Ul-U2, 
the density ratio was set to 1 and the velocity ratio was set to 0.7. The individual 
Mach numbers of the two streams for each computation performed are tabulated in 
(U-U2) 1 (U 
I- U2) 
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Table 4.1. 
_Mrel 
0.5 1 2 3 4 
M, 1.66 3.33 6.66 10 13-33 
M2 1.16 2.33 4.66 7 9.33 
Table 4.1: M,,, study individual stream Mach numbers 
100 
The graph of the self similar profiles, in Figure 4.15, shows that the effect of 
increasing the relative Mach number is the same as in the ID unsteady case. it 
increases the self similar width of the diffusion /mixing affected area. 
a) Mrol 
4 
0.5 
... .... 1.0 
2.0 
2 - ------- 
3.0 
---------- 4.0 
0.7 0.8 0.9 
p/ p- 
Figure 4.15: Self similar (a) density and (b) velocity profiles with increasing M,,,, 
P21p, = 1.0 and U,,, ti,, - 0.7. 
In contrast, Figures 4.16 (a) and (b) show that the growth of the mixing layer 
at a given station downstream decreases asymptotically with A/I,,,, similarly to the 
observations in the literature for turbulent 2D steady mixing layers, (Fig. 2.7). To 
the author's knowledge there is no empirical formula for the incompressible growth 
rate of laminar mixing layers that could be used to normalise the compressible 
growth rate. In turbulent incompressible mixing layers the growth rate is only a 
function of the velocity and density ratio. If this holds for laminar mixing layers as 
well, since these are fixed in this study, the growth values would be divided by a 
constant, thus maintaining the decreasing trend. 
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Figure 4.16: (a) Velocity profiles at a fixed downstream station. (b) The mixing layer 
growth and convective velocity uncoupled growth for the A/I,,, values investigated. 
In this study increasing the velocity difference increased the convective velocity 
and thus the Reynolds number. Figure 4.16 (b) shows the U, uncoupled growth 
increasing with M,,, similarly to the trend shown in Figure 4.15 for the self similar 
profiles, which also take under account U, by normalising using Re,,. 
Finally in both the density ratio and the relative Mach number study the con- 
vective velocity uncoupled thicknesses followed a trend similar to the self similar 
profiles of the ID unsteady mixing layer cases. This makes sense since in the 1D 
unsteady case the convective velocity is irrelevant. 
4.3 Laminar modelling and transition to turbulence 
A number of computations were performed to investigate the transition to turbulence 
and compare between laminar and turbulent modelling. The case with M,,, = 
0.5 and U, &j, = 0.7, from the A/I,,, study above, was used as the basis for this 
investigation, see Fig. 4.17 (a). The turbulence model employed was the Menter 
"one equation" variant of the k-c model. The CFD requires a very low level ( 
< 0.012 %) of background turbulence seeding. This is provided as a non-uniform 
profile, with the maximum at the separating plate. 
In the code transition to turbulence is handled manually. The user sets the 
(U-U2) 1 (U 
1- U) 
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point at which transition starts and the distance over which it is completed. Thus, 
an investigation was performed where the transition to turbulence was progressively 
forced to occur earlier in the development of the shear layer. Figs 4.17 (b) and (c). 
In a real experiment the streams might already be turbulent, thus earlier transition 
is preferable. In addition, if there is a significant transition distance involved 
compared with the physical mixing length required - it will have to be included 
the dimensional analysis. It was found that the transition start point could be set 
to zero, but that the transition distance could not because it is a quantity used by 
the turbulence equations which requires a small but finite value 4. To all intents and 
purposes this means that "instant transition" can be enforced if desired. 
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Figure 4.17: a)Laminar modelling, (b) and (c) transition to turbulence. 
After the transition to turbulence the growth rate was approximately 27 times 
that of the laminar case. It was mentioned in the literature review that for turbulent 
flow, transport processes can be up to 2 orders of magnitude higher than in a corre- 
sponding laminar flow. This adds to the properties of the fluid P and k, additional 
properties of the fluid flow, such as the eddy viscosity pt and eddy conductivity r, 
which combined give the turbulent Prandtl number 
prt = 
lit -CP 
Kt 
The application of RANS to turbulent flows assumes the gradient diffusion hy- 
4For the case shown in Fig. 4.17 the unit Reynolds number was 3x 105 and the transition 
distance employed was 0.0001 m, thus the end of transition was at Re, -- 3000. The Reynolds 
number, Re,, is based on the downstream 
distance x from the splitter plate. 
4.4. Two dimensional steady mixing, turbulent 103 
potheses for calculating the turbulent diffusion fluxes analogously to the calculation 
of the molecular diffusion fluxes. Thus it requires modelling constants, like Prt. to 
effect turbulence closure [1041. In this study Prt is fixed at 0.9. 
4.4 Two dimensional steady mixing, turbulent 
In section 2.2 it was reviewed that shear layers are very sensitive to the Reynolds 
number and that transition to turbulence occurs at very small Reynolds numbers 
compared to boundary layers. Thus for the supersonic shear layers that this study 
investigates, turbulence modelling is crucial. This is the next level of complexity 
for the mixing problem, the two streams are again of the same gas and pressure 
matched. 
In contrast to the laminar 2D steady case where the Reynolds number depen- 
dence of the mixing layer growth was known in advance (A oc 1, ), for the turbulent X Rex 
/2 
case this is not known. So for this case the independent variable y was normalised as 
a Reynolds number and so was the second independent variable x. The character- 
istic parameters are the same as in eq. 4.7 for the laminar case with the exception 
of the two independent variables :ý and y, 
f 
(MI, 
Uatioi P2 
I y, Pr, 
A2 
) Re, Re 
(4.12) 
Pi AI Y) 
In this study the effects of 7, Pr andA2/p, are not considered, the growth rate 
is treated, similarly to Papamoschou & Roshko [4], as 
d6 
=f 
(P2 
I 
U2 
i 
Mrel) 
dx pi Ul 
(4.13) 
The results will then be normalised by the incompressible growth rate 
( I! ) 
inc = 
f 
(221 
UI) 
, in order to compare with 
the literature results. As it was mentioned in 
PI U1 
the literature review, this assumes that the effects of p,,, ti, andUratio in a compress- 
ible mixing layer are the same as in an incompressible one and is proportional to 
"'U. The density ratio comes into the equation for U, read section 2.3.1. U. 
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4.4.1 CFD parameter study 
The parameter study is performed similarly to the laminar 2D steady computations 
by varying one parameter at a time. In the turbulent 2D steady mixing layer it is 
expected that the trend obtained by uncoupling the effect of the different convective 
velocities between test cases should be the same with that obtained by normalising 
with the incompressible growth rate, since it does take under account U,. The 
growth of the turbulent mixing layer is typically linear so uncoupling U, is done 
simply as : 
Ju, 
c 
uc 
(4.14) 
UC* 
where U, * is the convective velocity of one of the test cases. 
The growth rate d6ldx was calculated between cells i+I and i-1, for every Z 
cell and the values were then averaged. Since the growth is linear d6ldx ^-ý 61x. 
4.4.1.1 Effect of the density ratio, P21P1 
The density ratio was varied by varying P2 and during this study AI,,, and U,,, ti, 
were fixed to 1.0 and 0.6 correspondingly. The relevant data from these test cases 
are show in table 4.2. 
case 
P2 
Pi 
mI M2 dx 
) 
CFD 
db 
dx inrfvmn incomp. 
1 0.5 3.017 1.28 0.035 0.0671 
2 0.75 2.693 1.399 0.0355 0.0687 
3 1 2.5 1.5 0.0356 0.0699 
4 1.5 2.27 1.668 0.0356 0.0718 
5 2.0 2.13 1.81 0.0353 0.0731 
Table 4.2: P21PI study data 
Figure 4.18 (a) shows the pressure contour plot for case 5 as an example. The 
simulation is capturing the shear layer but interestingly it is also capturing the weak 
shock waves which are a real effect in the flow field. The shear layer between the 
two streams grows and the approach flow has to turn therefore; being a supersonic 
flow it does that through a weak shock and there is a jump in pressure (similar 
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to leading edge interaction for a boundary layer on a flat plate). This feature can 
be seen more clearly in Figure 4.21. In Figure 4.18 (b) the velocity profiles at 
three different downstream positions were plotted against v (normalised by the local 
velocity thickness 6). As expected for a linear growth the profiles are self similar. 
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Figure 4.18: (a) Pressure contours and (b) velocity profiles for P21PI = 2.0, (, T. )IrT, 
0.6 and M,,, = 1.0.. 
From Figure 4.19 (a) the growth rate d6ldx is roughly constant for the 5 test 
cases. If the main effect of the density ratio is to determine the convective velocity 
then the U, uncoupled growth rate, (d6ldx)u, (plotted in the same graph), and the 
normalised growth rate, Figure 4.19 (b), should be constant for all P21PI. Similarly 
to the laminar case it appears that P21PI is not solely responsible for U, 
From table 4.2, and eq. 2.10 for a fixed velocity ratio, the increase in P21,01 
increases (d61dx)j,,,,,,,,. p 
(9% increase over the range Of P21PI considered here). The 
convective velocity uncoupled growth rate is instead decreasing, thus it appears that 
the effect of the density ratio deduced here for the compressible mixing layer is in 
contrast to the incompressible one and the expected trend for the compressible mix- 
ing layer as well, Figures 2.7 (a) and (b). This gave an early indication that tlie 
turbulence modelling employed, the Xlenter one-equation. might be failing in cap- 
turing the physics involved in a compressible mixing layer. The next two parameters 
should resolve this. 
(U-U2)1 (Ul 
- U2) 
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Figure 4.19: Effect of increasing P21P1, plots of a) d6ldx and b) (d61dx)1(d61dx)o 
for M,,, = 1.0 and U2/U, = 0.6 
4.4.1.2 Effect of the velocity ratio, U,,, ti, 
Next U2/Uj was varied by varying the individual velocities but keeping their dif- 
ference fixed. During this study P21p, and M,,, were kept constant at I and 0.5 
respectively, table 4.3. 
case M, M2 FU, 2 Ul 
(ydl)C". 
x dx x 
1 1 0.5 0.5 0.0475 0.0933 
2 1.25 0.75 0.6 0.0355 0.07 
3 1.5 1 0.667 0.0282 0.056 
4 1.75 1.25 0.714 0.0236 0.046 
5 2 1.5 0.75 0.02 0.04 
Table 4.3: U2/Uj study data 
From Figure 4.20 (a), the increase in U21U, reduces the growth rate of the shear 
layer linearly. Thus the trend is the same with the incompressible growth rate 
which for a fixed P21P1 is only a function of U2/Ul, Eq 2.10, and reduces linearly 
with increasing U,,, ti,. Thus normalising the growth rates by the incompressible 
values, results in a roughly constant normalised growth rate. 
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Figure 4.20: Effect of increasing U2/Uj, a) growth rate plot and b) normalised 
growth rate plot for P21p, = 1.0, and M,,, = 0.5 
In this study the only change from one run to the other was U, and when that 
is uncoupled either directly, eq. 4.14, or by dividing with the incompressible growth 
rate, the resultant trend is constant. In both cases there is a small drop of about 
2%, but again this is due to mesh resolution. The mesh resolution in the y-direction 
was fixed so the thinner the shear layer the less the cells capturing the profile, thus 
more uncertainty in the definition of the mixing layer edge. 
These test cases shed more light on the turbulence modelling issue. From the 
literature, Figure 2.5 (b), for the relative Mach number employed M,,, = 0.5, or 
M, = 0.25, the normalised growth rate expected was around 0.8, but 0.5 was ob- 
tained instead. This is a 37% difference which would imply some shortcomings with 
the Menter one-equation model. The study of the compressibility parameter, Mrei) 
below will show clearly where the problem lies. 
4.4.1.3 Effect of the relative Mach number, All,,, 
During this study the velocity and density ratios were fixed at 0.4 and I respectively 
and the relative Mach number was varied by varying the velocity difference. Fixing 
U21U, and P21P1 meant that the incompressible growth rate was the same for all 
test cases and thus the trend of the normalised growth rate would be the same as 
the trend of the compressible growth rate. The related data from the five test cases 
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are presented in table 4.4. 
case M", All A I. ) - 
(dx M 
CFD 
d6 ý- 
dx ln(, rrnn incomp 
0.5 0.85 0.35 0.62 0.12 
2 1 1.66 0.66 0.622 0.12 
3 2 3.33 1.33 0.0621 0.19 
4 3 5 2 0.0621 0.12 
5 4 6.66 2.66 0.062 0.1. ) 
Table 4.4: All,,, study data 
Figure 4.21 shows the pressure contours for case 5 as an example. The reason 
that the shear layer is turning/pushed downwards is because if it were to stay in 
the centreline, the top stream has a higher Mach number and thus after the shock 
wave the pressure in the top would be more than the pressure in the bottom. But 
there must be pressure matching between the top and bottom and thus the shear 
layer turns downwards so that the deflection of the top stream is less. Therefore this 
picture is consistent with the physics of the flowfield captured in the computation. 
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Figure 4.21: Pressure contours for uniform density, P2/Pl = 1.0, and A/Irel = 4.0 
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Figure 4.22: Effect of increasing M,,,, growth rate plots for P21P1 = 1.0, and 
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-- 
0.4. 
Table 4.4 and Figure 4.22 (a) show that the compressible and normalised growth 
rates vary by only 1% over the range of M,,, considered here. This verified the 
problem with computational capturing of compressibility, since a trend similar to 
the one shown in Figure 2.5 (b) was expected, where the normalised growth rate 
starts at 1 and reduces asymptotically to 0.2 for 0.4 < A/I,,, < 2. The convective 
velocity uncoupled growth rates produced a linearly increasing trend with M,,, which 
is in contrast to the expected trend mentioned above. 
4.4.2 Launder-Sharma turbulence modelling for M,,, study 
The four cases in Fig. 4.22 were repeated using the Launder-Sharma k- 'E model 
which incorporates the compressibility correction for the dilatation dissipation by 
Wilcox [36]. The result is shown in Figure 4.23 where it is clear that the modelling 
in this case is much closer to the expected variation from experiments. However, 
it is seen that the magnitude of the effect of compressibility is not captured in a 
satisfactory manner. 
The model was further modified, using some of the latest knowledge from DINS 
studies on the compressibility effects as reviewed in section 2.3-3, and the cases 
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were computed again. The modified model is much more capable in capturing the 
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suppresion in growth rate with increasing A/I,. 
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Figure 4.23: L-S compressibility effect modeling for uniform density, P21PI = 1-0 
and U2/Uj = 0.4 cases. 
In these simulations it was assumed that the compressibility effect could be iso- 
lated in a single term, the dilatation dissipation, Ed, which simplified the modelling. 
However there are other terms affected by compressibility as well. Compressibility 
effects may be differentiated into two groups: dilatational effects (dilatation dissi- 
pation Ed and pressure dilatation <pd>), and structural effects, which are related 
to changes of the structure of velocity fields 1105]. 
As it was mentioned in section 3.2.4, the model for ýýd assumes the formation 
of shocklets, thus it is expected that in mixing layer flo,, Nrs without sliocks the dl- 
latational compressibility effect will be small. In contrast to this, structural effects 
are known to be important 163]. Sarkar 163] performed a systematic comparison 
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of several DNS compressible mixing layer cases which indicated that the reduced 
turbulent energy growth rate is primarily due to structural compressibility effects. 
which reduce the production of turbulence, Pk, and not due to explicit dilatation 
effects. This has been further verified by the DNS studies of Vreman et al. [53] and 
Simone et al. 11061 and more recently by the DNS study of Pantano and Sarkar 1641. 
These studies also show that the dilatational terms are not negligible, in fact theý' 
are observed to be as large as 20% of the turbulent kinetic energy budget. The 
following corrections were introduced for these effects. 
4.4.2.1 Dilatational effects 
The dilatation dissipationEdwas already treated in the code either with the Wilcox 
or the Sarkar model, both of which give 15das a function of the solenoidal dissipation 
E,. The Wilcox model is better suited to wall-bounded flows, for free shear flows 
Sarkar recommends using : 
*. M2. Es Ed ýýi (4.15) 
This model was modified slightly because previously it was using the total dis- 
sipation value E 6s + Ed for E,. For a very small Ed this will not introduce a large 
error in the modelling, but as it was mentioned above the dilatational effects can 
account for up to 20% of the turbulent kinetic energy budget. Therefore it can 
potentially introduce a significant error. In this modification E, was set as a con- 
stant fraction of the total dissipation using the information provided in Heinz's 11051 
paper that EdlPk t-, 0.06 and E, lPk = 0.52 ± 0.04, which implies EdIE, -e-_1 0.12 and 
PkIE r-1-0 1.72. These relations were derived by Heinz using the analytical equations 
(Table I in his paper), of the curves fitted to the normalised asymptotic velocity 
variances of Sarkar's [631 compressible shear flow DNS data. Based on this rela- 
tions the solenoidal dissipation was assumed fixed at E, -,, E/1.12 for all the cases 
considered. 
This is a reasonable assumption since it effectively fixes the dilatation dissipation 
to be - 11% of the total turbulent kinetic energy dissipation, or else 11% of the 
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turbulent kinetic energy budget, which is within the 20% share of the dilatational 
effects mentioned above. 
With the Sarkar model the turbulent energy equation can be rewritten: 
Dk 
=< pd > =< pd > +1 
(1 + Cel A12) ý: - 
Dt t -S 
where < pd > is the pressure dilatation. 
Pressure dilatation 
The pressure dilatation term was added according to Sarkar's [107] model, NvIiich 
for homogeneous shear flow takes the following simple form : 
pd >= -0.15 -p- 
Pk - Mt + 0.2 -p- 
Mt2 . es (4.17) 
The <pd> can be either stabilizing or destabilizing. If the production exceeds 
the dissipation Pk >E the <pd> covariance is negative and 'stabilising' and a net 
transfer of energy from the turbulence field to the mean internal energy occurs. 
Otherwise it can be positive and 'destabilising'. 
4.4.2.2 Structural effects 
The structural effects which are known to be the most important are incorporated 
in the code, similarly to Heinz's 11051 model, by changing the constant C,, = 0.09 
into a variable that is a function of the gradient Mach number : 
Cl, = 0.07exp(-0.4M. ) (4.18) 
The gradient Mach number (M. = Sl1a, where S= dUldy is the mean shear 
rate) was introduced by Sarkar [63] to measure the strength of structural compress- 
ibility and can be viewed as a ratio of the mean velocity difference S1 across a 
'large-scale eddy' to the speed of sound a. Thus Mg can be thought of as a local 
convective Mach number (AI, = (Ul - U2)/(al + a2)) . As such it is a unique measure 
for the spatial distribution of turbulence. However, there are essential differences 
from Al, The parameter AIg is a local quantitý 7 not a flow field one, which N-aries 
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across an inhomogeneous shear layer. Moreover.. Al.., differs among shear flows sucli 
as the mixing layer and boundary layer. This is because the structural compress- 
ibility is related to changes of the structure of velocity fields and in these flows the 
variation of mean velocity field and turbulence length scale is different even if the 
overall velocity difference across the flows is the same [631. 
Sarkar [631 provides an estimate for M. at the centreline of a compressible mixing 
layer5, M. P-Id 2.2. M, This was substituted into the expression for CA, eq. 4.18, and 
the final expression was implemented in the current code. 
In the incompressible limit Mg = 0, eq. 4.18 gives a value of C,, = 0.07 whicli i,, -, 
in accord with C,, = 0.08±0.01 that was found by DNS of incompressible flows 11081. 
As the structural compressibility increases (M. increases), C,, decreases causing a 
significant reduction of the turbulent stresses, p-rij, and a corresponding reduction 
of the turbulent production level (Pk). This, in turn, suppresses the growth rate 
of turbulent energy [109]. If this reduction is not included in the compressibility 
correction method applied it can lead to significant errors, as seen in the original 
curve in Figure 4.23. 
The model was calibrated to adjust the value of the coefficient ý* which was 
finally set to 0.9. In addition to the variable definition of C,,, eq. 4.18, the coefficient 
C. 2was set to 2.22 and the rest of the closure coefficients were set to the usual values 
for the standard k-e model, Cj = 1.44,17k =I- 0) a, = 1.3. 
With all the changes implemented, the reduction in the growth rate was similar 
to the trend seen in experiments, see Figure 4.23. In particular the agreement is very 
good with the 'Langley Experimental Curve', which is obtained from a compilation 
of results corresponding to experiments with air-air shear layers. 
'Sarkar also provides an estimation for Mg in a compressible boundary layer (page 21, equation 
27). 
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4.5 Two dimensional axisymmetric mixing, turbu- 
lent 
There is an additional effect, in this case, of the "potential"' core, which has a signifi- 
cant effect on the growth of the mixing layer, as it was reviewed in section 2.4. This 
is the final level of complexity for the mixing problem. The two streams are again of 
the same gas and pressure matched, with different velocities and/or different densi- 
ties. There is an additional parameter in this case, it is the initial jet radius. Thus 
compared to the planar 2D unsteady case the set of variables that any flow propertý 
will be a function of remain the same as in eq. 4.10 with the substitution of x and 
r for Re,, f and the inclusion of the initial jet radius R. 
P2 
- 
A2 f (Ucl Aul pa Cp, ki, x r, R) (4.19) P) 1711 Pi Al 
The characteristic parameters are, the same as in eq. 4.12 with the exception of 
the independent variables and the addition of a Reynolds number based on the jet 
radius R. 
FJ f Mmli Mrel) P2 
) T7 
Pr) 1 
A2 xr, Re-R (4.20) 
Pi pl' R' R 
4.5.1 CFD study 
The axisymmetric jet case must be related to the planar case. If all the characteristic 
parameters are the same and the jet radius is large enough so that the mixing layer 
does not reach the centreline by the downstream end of the computational domain., 
then the growth rate should be the same since both cases are 2D steady turbulent. 
Therefore for the purpose of comparison with the planar 2D steady turbulent study 
two uniform density (P21P1 ý-- 1.0) test cases were set up, see table 4.5, and they 
were computed for both planar and axisymmetric 'jet' conditions'. Both cases had 
'The Menter one equation turbulence model was used here as in section 4.4.1.3, because this 
work predated the implementation of the compressibility corrections in the Launder-Sharma model 
discussed in section 4.4.2 above. The author does not expect the findings of this section to be 
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the same convective velocity ((Ul + U2)/2) and the same jet radius R. thus the Sanic 
diameter based Reynolds number., RCD -- 457.000. 
case AI, ', AII -'112 ý-x 
1 4 3 0.75 0.02 
22 4. D 2.5 0.005 0.041 
Table 4.5): Test cases data. 
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Figure 4.24: (a) Normalised velocity contours from the first test case, and 
(b)Comparison between axisymmetric and planar runs for the same set of input 
conditions. 
From Figures 4.24 (a) and (b) up until the downstream distance where the shear 
layer first reaches the centreline the growth rates are linear and effectively the same 
for both the planar and the axisymmetric case; this is the potential core that was 
discussed in the section 2.4. After that the growth rate of the axisymmetric jet 
dropped considerably as expected. 
The sudden increase in the growth rate just before the shear layer reaches the 
centreline is because as the bottom edge of the shear layer approaches the centreline 
it steepens. 
different with the L-S model. 
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4.5.2 Effect of the jet radius 
As it was shown above the presence of the potential core leads to a reductioii iii 
the growth rate of jets. The purpose of this section is to evaluate this effect in the 
context of improving the mixing efficiency. For example it might be found that ill 
terms of mixing it would be better to have many small radius jets than a single one 
with a large radius. 
Two more computations were set up with the same set of characteristic parame- 
ters as in case 2 but with different jet radii, Figure 4.25. The smaller the jet radius, 
the smaller the length of the potential core and the more the reduction in the growth 
rate. When the downstream distance is normalised by the jet radius R the groNN'tli 
rate curves collapse, Figure 4.25 (b). From Figure 4.25 (c) irrespective of the jet 
Reynolds number employed, at a given jet radii length downstream the thickness 6 
of the mixing layer will be the same amount of jet radii wide. 
When comparing the mixing efficiency of jets with different radii, care needs to 
be taken to compare between combinations of jets that have the same mass flow rate, 
or cross sectional area. For example a jet with radius R corresponds to two jets with 
radius R,,,,,,, = 0.707 xR each. From Figure 4.25 (c), at 200 xR downstream from 
the origin (the nozzle trailing edge), the single jet has grown by three jet diameters, 
3xR. In the case of the two smaller jets each one has grown by three jet diameters 
R,,,,,,, as well. Thus when combined the total mixing layer half thickness will be 
6x Rsm, 11 I or 4.24 x R. Thus it is clear 
from this figure that many smaller jets would 
be better than one big jet, but that would mean extra interferences in the flow field, 
so the final configuration needs to be a trade off between the two. 
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Figure 4.25: Comparison between three axisymmetric cases with different jet radius, 
M, el = 2.0, P21P1 = 1.0 and U2/Ul = 0.55. 
4.6 Summary 
The main findings of this chapter were: 
The temporal growth of the 1D laminar shear layer was investigated. It was 
found that the smaller the density ratio the more the self-similar shear layer 
grows and that the effect of increasing AI,,, is to increase the self similar width 
of the shear layer. 
* The spatial growth of a 2D laminar shear layer was also investigated. It was 
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found that P21P1 = 1.0 is a minimum, and the self similar thickness increases 
for P21p, both smaller and larger than unity. The velocity ratio had a negligible 
effect on the self-similar width of the shear layer. The effect of increasing If,,, 
was to increase the self-similar width of the shear layer. 
* For the 2D turbulent shear layer the Menter one-equation turbulence model 
was failing to capture the compressibility effects correctly. The Launder- 
Sharma model performed better but was further modified to incorporate Heinz's 
[1041 compressibility correction, which reflects the importance of structural ef- 
fects in the compressibility. The solver was then capable of accurately simulat- 
ing the suppression in normalised growth rate with increasing compressibility. 
9 In the study of the turbulent axisymmetric jet it was found that the presence 
of the potential core leads to a reduction in the growth rate of jets. The 
comparison between jets of different radius lead to the conclusion that for a 
given required mixing, many smaller jets would be better than one big jet. 
Chapter 5 
CFD multi gas study 
Mixtures of gases are different from single component gases because there is an 
additional property associated with them, the species composition. This is defined 
by the concentrations of the components present and is important since the rest of 
the mixture properties depend on it. In the experiments only a mixture of Helium 
and Air was considered, for practical and safety reasons. However in the CFD study 
the code can model up to eight different gases and thus other combinations were 
also simulated. 
The research efforts presented in this chapter are part of the ongoing develop- 
ment process of the in-house code so that it can accurately treat multi-species flows 
and mixing layers with large density gradients. The aims of the work were, i) to 
successfully incorporate the mass diffusion solver in the N-S solver, ii) to validate it 
against simple problems like the analytical solution of the ID diffusion equation, the 
TSL model and iii) against the experimental results of Papamoschou and Roshko 141. 
Then, iv) to ensure that the compressibility correction developed still works for cases 
with large density ratios as initial conditions, and finally, v) to perform a dimensional 
analysis of the multi-gas 2D turbulent mixing layer case and conduct a parameter 
study. The main focus was the expansion in the capabilities of the code thus the 
parameter study was a complementary investigation here. 
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5.1 Incorporation of mass diffusion in the N-S solver 
Diffusion depends on random molecular motions that take place over small molecular 
distances. Without diffusion, either molecular or turbulent, there is no mixiiig 
of species. The logic behind the incorporation of the mass diffusion in the -X-S 
solver, was that the same physical mechanism is associated with both, heat and 
mass diffusion. Therefore the mass diffusion modelling was introduced in analogy 
to the heat diffusion modelling. 
For a given control volume the rate of mass fraction (f) accumulation with fluxes 
is: 
(pf) (Puf) 
4- +++ Sf at Ox Oy Ox Oy 
I 
The first two terms on the RHS of eq. 5.1 are the convection fluxes and are treated 
correctly in the code, the next two are the diffusion fluxes and the final term is 
a source term. This is the mass rate of formation of species during reaction for 
computations involving combustion and would be set to zero in present work. 
The mass diffusion fluxes, Df, -- and 
Df,, y, are treated similarly to the heat 
diffusion fluxes, q,;., and qyy, according to the Fourier-Fick "gradient-diffusion" law, 
which connects the diffusion fluxes with the gradient of the diffusing property 
Df, x= -df 
(9 (pf and Df, 9 df 
a (pf) (5.2) 
Ox Oy 
Where f is the mass fraction of the species concerned. In the 2D TSL-NS multi- 
species version of the code, the mass diffusion coefficient, or mass diffusivity df, is 
assumed as constant for all components. It is proportional to the molecular viscosity 
for laminar flows and for turbulent flows it depends on the turbulent kinetic energy 
r, and dissipation E computed by the turbulence model [18]. In the current work, 
for the FNS modelling, df is treated as the summation of a molecular and of a 
turbulence generated mass diffusivity. 
The molecular mass diffusivity of hydrogen, H2, gas in a binary mixture of 
hydrogen and air gases at one atmosphere and 298K is 0.41 x 
10-41,12 Is. This was 
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taken from Incropera 1110] and it corresponds to a laminar Schmidt number of 0.38. 
This is a very important modelling constant, and is analogous to the Prandtl number 
but for mass transfer 
Sc 
=A (3-3) pdf 
It is a direct measure of the ratio of the thickness of the velocity shear layer to 
the thickness of the mass diffusion shear layer. For Sc <I the spreading rate of the 
mass fraction is greater than that of the momentum. It is well established in the 
literature that for free jets this is indeed the case [1041. 
The eddy mass diffusivity can be calculated from knowledge of the turbulent 
Schmidt number and eddy viscosity. Pancharesan 11111 suggested a turbulent Schmidt 
number of 0.7 in round jets, based on the spreading rates of the mean velocity and 
concentration fields. Later Yimer et al. [104] found that the Schmidt number varies 
monotonically with radial distance from the centre of the jet and with intermittency 
factor 6', Fig. 5.1. In the fully turbulent region, 6=1, the increase of the Schmidt 
number is small and a constant average value of 0.7 was tested and recommended 
for CFD calculations of axisymmetric turbulent free jet flows [104]. This value was 
also used in the 2D planar mixing layer computations since it was expected that the 
variation of the Schmidt number with 6 would be similar for them as well. 
Similarly to the other flow Properties eq. 5.1 requires two boundary conditions, 
for each coordinate, the left-right and top-bottom boundary conditions of the com- 
putational domain, in addition to the initial value of the species mass fraction. The 
terms of eq. 5.2 are calculated with a fourth order Runge-Kutta integration explic- 
itly, similar to the heat diffusion terms. The new multigas subroutine calculates 
the mass diffusion fluxes Df, -, and 
Df, y for every species and for all the interfaces 
of a single cell. Then it adds them together, separately for each species, and the 
result is used to update the species mass fractions. These are then fed back to the 
main program and updated by the fluxes due to convection, calculated with the 
'The intermittency factor, 5, is the fraction of the time that the motion is turbulent at any 
fixed point in the flow. At the centre of the jet or shear layer J is 1; the motion is alwavs turbulent. 
Outside the jet or shear layer J is 0; turbulent motion never penetrates there [26]. 
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Figure 5.1: ARadial distribution of the turbulent Schmidt number in a round free 
jet from Yimer et al. [1041, and *empirical measurements from Hinze [112]. 
Riemann solver, before the next time step. In both calculations the bulk density of 
the mixture is used, the physical mass of each species in the cell is the bulk density 
multiplied with its mass fraction. This work was completed successfully and the 
code debugged and tested. 
5.2 Validation studies 
5.2.1 One Dimensional Diffusion Equation Analytical & CFD 
solution 
To correct and validate the FNS solver a basic one dimensional computation (the 
simplest possible) was set up. The result was compared with the analytical solution 
for the one dimensional diffusion equation : 
df (x, t) 
_ df 
d 2f (X I t) Where f (x, t) the mass fraction dt dX2 
The CFD case was set up as a rectangular region split in two in the middle, 
with species 1 in one side and species 2 on the other side. For the purposes of this 
run both species were effectively the same gas, same density and -, value. This way 
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the code thinks its dealing with two different species and df could be set arbitrarilý- 
independent from the combination of gases employed. 
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Figure 5.2: Analytical VS CFD solution to the ID diffusion equation. 
The analytical and CFD curves effectively collapse into one curve, Fig. 5.2, which 
indicates that the Runge-Kutta integration utilised in the CFD code is solving the 
diffusion equation correctly. 
5.2.2 Code Validation: Comparison with Experiment 
The code was tested against experimental data for validation purposes as part of 
the code development process. The experimental data selected were from a carefully 
set up experiment of compressible shear layers by Papamoschou & Roshko [4,38]. 
The data provided follows in table 5.1 below: 
In their experiments the upper and lower walls were adjustable to within ±30 
in order to minimise any strearnwise pressure gradients. This was achieved onlv 
for the downstream two thirds of the test section, whereas near the trailing edge of 
the nozzle they measured a small pressure recovery due to the jet, Fig. 5.3. As a 
0.06 0.08 0.1 0.12 
X /11/2 
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case Casl Gas2 122 Pi 
U LZ 
Ul ýý'Il 
Ycl d6 d6 ( 
dx 
) 
incomp. 
NN3 N2 N2 0.54 0.74 3.1 1.7 0.33 0.027 0.041 
HN6 He N2 9.2 0.52 1.7 3.0 0.64 0.023 0.098 
HN8 I-I e N2 5.5 0.42 2.6 2.8 1.05 0.038 0.137 
HN9 He N2 2.2 0.29 3.4 1.6 1.44 0.0286 0.173 
Table 5.1: Data from Papamoschou & Roshko study data 
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result, the Mach numbers measured in the constant pressure region were lower than 
ideal nozzle-exit Mach numbers. The growth-rate measurements were performed in 
the constant-pressure region, so they are considered to be unaffected by the initial 
pressure rise. The velocity and density ratios were also measured in the same region. 
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Figure 5.3: Typical wall pressure distribution. Squares, upper wall; triangles, lower 
wall 14]. 
For the CFD validation study some reverse engineering had to be done first in 
order to work out the data not provided directly in the paper and thus reproduce 
the flow conditions in the constant pressure region. The total temperature, To, 
stays constant in this process for the two streams and the paper mentions that it 
is roughly ambient temperature. The static temperatures were worked out from 
the isentropic relationship for the measured Mach numbers, and thus the speeds of 
sound and the two velocities were also obtained. The densities were worked out 
from the perfect gas equation assuming static pressures in the order of I psi, or 
6894.75 Pa, as the authors of this paper relate. The exact values of the pressures 
are not given, but were interpolated from Fig. 5.3. The lack of the exact static 
pressure and total temperature meant that matching the density and velocity ratios 
was a trial and error process. A spreadsheet was used to input all the relevant 
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parameters and functions and then the static pressure and the total temperature of 
one of the streams were varied within a reasonable range until the two ratios were 
matched. 
The CFD study, here, attempted to simulate the mixing process in the constaw 
pressure region and therefore it was decided to fix the top and bottom boundary 
conditions to the initial conditions rather than set them to solid boundary condi- 
tions. A solid boundary condition would complicate and increase the cost of the 
computations since it would require an accurate treatment of the boundary layer 
and the shock/boundary layer interactions. In addition it would require the treat- 
ment of the boundary layers along the walls of the nozzle and the separating plate. 
Finally they mention that the walls could be tilted in order to produce a constant 
pressure region downstream, but the angle of tilt for each case is not mentioned, 
and if solid boundaries are used this information will be important. 
The first trial run for one of these cases indicated that the computation generates 
a small pressure recovery and Mach number reduction in the streamwise direction, 
due to the displacement effect of the mixing layer as reviewed in section 2.3.2.1. In 
order to ensure that the conditions were matched after this wave system, the two 
input Mach numbers were raised by the same order of magnitude as the drop seen 
from the first trial runs. 
The definitions of 6pit used in their study [41 are illustrated in Fig. 5.4. They 
note that a defect in the Pitot-pressure profile does not necessarily imply a wake 
component in the velocity, but may rather be connected to dissipation in the mixing 
region. In this CFD study the local values of the Mach number, the density and 
the 7 value of the mixture were used to work out the total pressure. Then the Pitot 
thickness 6pit was defined similarly to their case with the 5% rule. 
5.2.2.1 Comparison of growth rates 
For these simulations the FNS solver was used with the latest mass diffusion subrou- 
tine and the Launder-Sharma turbulence model with the compressibility correction 
detailed in section 4.4.2. The normalised growth rates are plotted in Fig. 5.5 to- 
gether with Papamoschou & Roshko's results. 
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Figure 5.4: Measurement of Pitot thickness from mixing layer and wake like profiles 
using the 5% rule [4]. 
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Figure 5.5: Papamoschou and Roshko experimental results versus CFD. 
The deviation from the experimental results is over 100% for cases 6 and 9, 
see table 5.3. This is probably linked to the large density ratios associated with 
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these experimental cases. The compressibilitý- model employed here was developed 
and tuned for uniform density shear layer cases only, and does not take in account 
the influence of density gradients [1131. This influence does seem to have a strong 
effect on the CFD predictions of growth rate. An attempt was made to improve the 
modelling for mixing layers with high density ratios between the two streams in the 
next section. 
5.2.2.2 Compressibility correction for non-uniform density cases 
In turbulent boundary layer studies it was shown that the current modeling of the 6 
equation, with the fixed closure coefficients for all flows (eq. 3.13), is incompatible 
with the existence of high-density gradients 11141. Guezengar et al., 11131 proposed 
a modification of the a, coefficient to accurately estimate compressible mixing layers 
with high-density variations. Their formulation leads to a separate modeling of the 
subsonic (density variations) and supersonic (compressibility) effects. The proposed 
equation for the variable a, is : 
(6/ 
ef -II(M, 
)Kf) <pd> 6 
2F 
Oýk (q - 1) 
Vc,, Iq +-2 O'k pk AU (5.5) 
2qN/ jj1q -F 
(2VFciIqCl + 6,, (D(M, )) C /qCE2 f 
Where F= (1 + ý*Mt2) and (D(M, ) = 6'160 is the experimental normalised mix- 
ing layer growth rate as a function of the convective Mach number. More precisely 
it is the function of the curve fitted to the available experimental data shown in the 
literature review, see Fig. 2.5. In this study the semi-empirical relation proposed 
e-Wr2 by Dimotakis [1] was used, (D(M, ) = 0.8. , +0.2. 
The coefficient ý* is the same closure coefficient used in the definition of the 
dilatational dissipation, eq. 3.21, but for this model it was set to 0.5 as in Guezengar 
et al. 1113]. The parameter q was set to 0.75, the variable definition of c., eq. 4.18, 
was used again and the rest of the closure coefficients were set to the usual values 
for the standard k-E model, Cj = 1.44, CE2 =1.92, O'k = 1-0- 
5.2. Validation studies 128 
The effect of the density ratio, s, is contained within the product : 
Kf -K (s, r, M, Mg) xf (sl r, A/le, Allg) (5-6) 
From the analysis of self similar mixing layers and experiments it is reasonable to 
assume for Mc <I that the product Kf is almost constant with AlIc 1113,1151, and 
its values are deduced for s, see Fig. 5.6. 
The value of Kf for uniform density mixing layers, s=1, was set so that a, = 1.3 
which is its value in the standard k-E model, Table 5.2. It was assumed that the 
variation of Kf between the three points provided is linear, Fig 5.6, but later it 
was discovered that the growth rates were not very sensitive to small changes of the 
value of Kf. 
s 1/7 1 7 
Kf -2.5 -0.225 0.35 
UE 4.33 1.3 0.53 
Table 5.2: Kf and corresponding a, values versus s for incompressible mixing layers 
[1131. 
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Figure 5.6: Product Kf versus the density ratio. 
Similarly to Guezengar's paper the pressure dilatation was set to zero in this 
modelling. 
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case M dxb) Exp. inc. CFJD 
Variable or, '7c dx dx dx Cl 
(V 
CFD 
NN3 0.33 0.027 0.041 0.0263 2.4 0.0285 . 5.52 
HN6 0.64 0.023 0.098 0.048 108 0.022 4.3 
HN8 1.05 0.038 0.137 0.0578 52 0.031-2 2.1 
HN9 1.44 0.0286 0.173 0.061 113 0.0392 37 
Table 5-3: Data from Papamoschou. & Roshko experiments and CFD results from 
the modified L-S k-epsilon model with both a, a constant and a variable. 
With the modified model the estimation has improved significantly. see Table 
5.3 and Fig. 5.5. Indeed the deviation from the experimental results for the first 
three cases is within the overall accuracy of their growth rate measurements NN-hich 
is roughly 10% [4]. The CFD growth rate deviates by 37% for case HN9 which is 
likely related to the fact that the product Kf is also a function of Al, for M, > I. 
Apart from this modelling inaccuracy, another possible reason for the discrepancy 
is the inaccurate representation and simulation of the pressure field compared to the 
experimental cases. As seen in Fig. 5.3 and 5.7 from Papamoschou's thesis document 
(Figure 3.7) [381, pressure matching was not accurately achieved for each case, but 
in the CFD runs pressure matching was assumed for all cases and this will introduce 
a small inconsistency between CFD and experiments. In particular, case HN9 was 
the furthest from a pressure matching condition, near the nozzle trailing edge, which 
would give rise to a pressure wave system and possibly a small displacement of the 
mixing layer near the nozzle trailing edge. 
Additionally, as mentioned previously, the CFD runs do not use solid boundary 
conditions for the top and bottom boundaries as is the case in these experiments, 
and thus will not capture the full pressure recovery produced by the mixing layers 
and any wave reflections inside the test section. This will also contribute to the 
deviation of the CFD results from the experimental ones. 
Papamoscou [381 also mentions that the maximum variation of the Mach number 
along the downstream half of the test section is typically 5% of the value given 
in table 5.1 for each case. That was due to the support they had for the Pitot 
tube which could not be raised and lowered but only rotated around a fixed point. 
The maximum angle of attack was 10'. They used the Rayleigh-Pitot formula for 
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Figure 5.7: Static wall pressure distribution for cases HN8 and HN9. Squares, upper 
wall; triangles, lower wall [38]. 
determining the Mach number, which is suitable when the Pitot is parallel to the 
flow, but increasingly in error for increasing incidence. 
The Pitot pressure profiles from the experiment and the CFD were also compared 
as another check of the model's ability to reproduce the experimental results. It was 
found that the profiles agree well in terms of being mixing layer and wake-like. 
This author believes that more than anything else the CFD result for case HN9 
demonstrated a feature of this turbulence model. Looking at the curves in Fig. 5.5 
it is apparent that the curve of the modified turbulence model is more flat than the 
experimental curve in the high compressibility region. In this region the modified 
model predicts that the normalised growth rates stabilise at roughly 0.2, which is in 
accord with what is expected for compressible mixing layers, see the discussion in 
the literature review chapter, section 2.3.1. 
To the author's knowledge no other study has attempted to model numerically 
the landmark experiments on compressible mixing layers by Papamoschou & Roshko. 
This study has successfully done that and apart from the inaccuracy of the last 
case, which is likely due to the nature of the compressibility correction employed, 
the agreement is outstanding. 
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A multigas computation was set up, to inject a Helium jet with MH, = 21 - 6. ina 
co-flowing air stream with M,, i, = 2.2, similarly to the free stream and jet conditions 
of Phase I of the experimentS2 , 
Fig. 5.8. The purpose of this run was to make an 
initial check that the FNS solver is working for the mixing layer case and then to 
compare with the solution from the TSL-NS solver for the same computation. The 
Launder-Sharma two equation model with the latest compressibility correction, as 
it was reported in the previous section, was used in these two computations. 
The profiles were extracted at the downstream station Re,, = 14.55 171 iffion. The 
velocity shear based growth rates for the two cases were 0.0452 for the TSL and 
0.0457 for the FNS, only 1% deviation which is due to the accuracy of the shear 
layer thickness estimation technique. Thus the two solvers produced practically the 
same growth rate for the mixing layer. This was expected since for the large unit 
Reynolds number employed here the mixing layer is close to a thin shear layer and 
the TSL-NS, which assumes the diffusion fluxes in the streamwise direction to be 
negligible (that Olay derivatives are larger than alOx derivatives), should produce 
an accurate answer. The difference between the two cases is that for the TSL the 
two streams have mixed more in the region of the jet. The air mass fraction is - 0.5 
for a much larger part of the mixing layer than for the FNS case, where the mixing 
is more gradual throughout the shear layer. 
The fact that the mixing layer in this case is like a TSL means that the mixing 
is relatively slow and indicates that if a large quantity of H2 (or Helium) and air 
needs to be mixed, then instead of having one mixing interface, which will develop 
into a TSL, it will be best to create as many as possible, for example using many 
small radius axisymmetric jets. 
2 See table 6.1 for the exact flow conditions used 
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Figure 5.8: Air concentration contours from a, (a) TSL and (b) FNS CFD compu- 
tation, (c) Air concentration profiles and (d)velocity profiles. 
5.3 Two dimensional multi-gas turbulent mixing layer 
5.3.1 Dimensional analysis of the problem 
In this case there will be a few extra variables compared to the single gas case. like 
the other gas p, k, -X and C,, values plus the mass diffusion coefficient df. so aný- 
flow property can be written as a function of 
A, IIIi--)C-, 
-4 2.5E 06 LV 1'. - 5Eý06 1'E4 2ý 5 
JEI' 7ý 0 4- 7.5 E40 
Re, 
Air mass iraCliDn 
Re, 
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df, Ü= (uc 3 lýL Ui Pl i P2 ýä1 411 JU2, ki, k2 1 '71 j ýY2 - 
CP1 
1 
CP27 (5. -) 
The temperatures can be worked out since -y and Cp can give the gas constant 
and then the temperature from the perfect gas equation RT, = pllpl. The mass 
diffusion coefficient will result in an additional dimensionless product, the Schmidt 
number. 
P 
U2 
7 
Mrel) 
02 
) 
A2 k2 
ul pi IL, kl' 
"Yl) '72 , 
Pri 
, 
Pr2, Sc, Re., 
, 
Rej (5-8) 
5.3.2 CFD parameter study 
The set of characteristic parameters is similar to the set in the single gas, 21), 
turbulent, mixing layers study with the addition of the Schmidt number. The study 
will be performed by varying one parameter at a time. The relative Mach number, 
M,,,, was not studied this time around, since it is considered that the validation 
study against the experimental results of Papamoschou and Roshko demonstrated 
clearly that the model is capturing the full compressibility effect of AI,,,. 
5.3.2.1 Effect of the density ratio, P21P1 
Since the latest changes to the turbulence model were done with the aim of improving 
the modelling of compressible mixing layers with high density gradients present, the 
investigation of the density ratio parameter was crucial, and also extensive. From the 
literature and equation 2.10 it is known that the increase in density ratio increases 
the growth rate of both incompressible and compressible mixing layers. 
In fact Guezengar presents the following figure for the effect of the density ratio 
on the growth rate of incompressible mixing layers, Fig 5.9. Guezengar notes that 
the standard k-e model is predicting the opposite trend from the experiments and 
only agrees with them for uniform density cases, s=1. Using the modified model 
with the variable a, eq. 5.5, he was able to accurately match the experimental 
trend. 
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Figure 5.9: Comparisons of the incompressible spreading rates (r = 0.65) 
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In this study the density ratio was varied for an intermediate compressibility 
level, M,,, = 1.0, and the velocity ratio was kept fixed at U2/Uj = 0.6. The relevant 
data from these test cases are show in table 5.4, the laminar Schmidt number was 
0.38 and the turbulent Schmidt number was 0.7. 
case 
P2 M d)CFD (dx 
Pi 1 
M2 
dx 
") 
incomp. 
1 1.5 2.19 1.75 0.0368 0.0846 
2 2.0 2.06 1.9 0.0366 0.0862 
3 2.5 1.97 2.04 0.0364 0.08742 
4 3.3 1.88 2.23 0.0361 0.0889 
5 3.96 1.83 2.37 0.0362 0.0899 
6 4.6 1.78 2.5 0.0363 0.0908 
7 5.26 1.75 2.62 0.0367 0.0915 
8 5.92 1.72 2.74 0.0371 0.0921 
9 6.58 1.69 2.84 0.0377 0.0927 
10 7.24 1.67 2.95 0.0407 0.0931 
Table 5-4: P21P1 study data 
The highest density ratio, ýL' = 7.24, is very close to the density ratio employed Pi 
in the experiments of this study, and to other He into Air, or He into Nitrogen 
experiments [4]. 
Several values for the density ratio were investigated since, early on in this studv, 
it became clear that there was a range of density ratio values for which the results 
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were in accordance with the experimental values but for smaller density ratios the 
prediction was the opposite. This is important because it sets the boundaries for 
which the modelling employed is viable. From Fig. 5.10 it appears that the pre- 
diction is correct for density ratios larger than 3.2. The reasons for the deviation 
in cases with density ratios smaller than 3.2 are not clear. In the comparison with 
the experimental results of Papamoschou & Roshko, the two cases that resulted in 
the largest error both had a density ratio less than 3.2, which would also affect the 
predictive capability of the model as seen here. 
The density ratios employed in the experimental studies of chapter 6 and 7 had a 
density ratio value higher than 3.2 so it is expected that the model will be appropriate 
for modelling these cases and should give a reasonably accurate prediction. 
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Figure 5.10: CFD compressible growth rates versus the density ratio. 
5.3.2.2 Effect of the Schmidt number 
The turbulent Schmidt number, was reduced and increased by 50%, Sc = 0.3 and 
Sc = 1.1, for the case with U,,, ti,, = 0.6, A/I,,, = 1.0 and p,,, ti, = 3.3. The normalised 
air mass fraction profiles from these runs are plotted in the same graph with the 
original case, Sc = 0.7, for comparison in Figure 5.11. 
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Figure 5.11: Effect of the Schmidt number, (a) & (b) Profiles of Airmass fraction. 
The link between the Schmidt number and the diffusion coefficient as it was 
shown in eq. 5.3 is df = I-tl(p - Sc), so the bigger the Schmidt number the smaller 
the diffusion coefficient and the less the two streams mix. This trend is verified by 
the helium and air profiles in these runs, Fig. 5.11. The width of the profiles does 
not change considerably for the three test cases. Indeed the velocity thickness based 
growth rate was effectively the same for all cases (- 0.0361). But inside the mixing 
layer for the smaller Schmidt number, the species have mixed better than for the 
larger Schmidt number cases. 
5.3.2.3 Effect of the velocity ratio U,,, ti, 
For the investigation of the velocity ratio effect a density ratio well within the validity 
of the existing turbulent model was employed, p, tj, - 7.24 and M,,, = 1.0. The 
relevant data from these runs are shown in table 5.5. 
case All -112 
U2 
-ul dx 
d6 ) 
CFD. 
d6 
dx 
) 
incomp. 
1 1.34 1.96 0.5 0.05495 0.1101 
2 1.68 2.95 0.6 0.0407 0.079 
3 2.23 4.58 0.7 0.02943 0.0537 
Table 5.5: U2/Uj study data 
From Figure 5.12, The growth rate increases with decreasing U2/Ul, i. e. with 
Air mass fraction Air mass iraction 
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increasing free- st ream- velocity difference, which is in accordance with what was ex- 
pected by theory and experiment, offering another validation for the current model. 
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Figure 5.12: Effect of increasing U2/Uj, growth rate plots for P21P1 = 7.24, and 
Mrel = 1-0 
5.4 Summary 
The main accomplishments presented in this chapter were: 
* The multigas version of the code was developed to incorporate the diffusion of 
species modelling in the FNS solver. The solver was then successfully validated 
against the analytical solution of the ID diffusion equation and the TSL solver. 
e The L-S turbulence model was further modified to include a correction for 
cases with large density ratios. With the modified model the solver managed 
to reproduce the experimental results of Papamoschou & Roshko [4] with very 
good agreement. 
*A parameter study was performed and it was found that the prediction for 
density ratios less than 3.2 is the opposite from the one expected from the 
literature. For density ratios larger than 3.2 the growth rate of the shear 
layer increases with increasing density ratio and thus the model is correct. In 
addition, the velocity ratio effect was in agreement with the one expected from 
the literature. 
Chapter 6 
Experimental modelling 
In this chapter the apparatus used for the experiments is described together with 
the design process of the helium injection facility. The arguments that lead to the 
choice of an axisymmetric rather than a planar jet will be presented. In addition 
Phase I of the model design and experiment will be reported thoroughly. 
6.1 Supersonic wind tunnel 
The supersonic wind tunnel of the Aeronautics Department of Imperial College is 
of the "intermittent" type, where air stored at high pressure drives the tunnel for a 
maximum of 50 seconds per run. Continuous facilities are expensive and rare, thus 
often intermittent tunnels are the better option as they are simpler and cost less to 
build and run. The high-pressure tanks used to run such facilities offer additional 
flexibility since they can run more than one tunnel'. Finally the quick starting 
nature of this type of tunnel reduces the aerodynamic loads on models during the 
flow establishment (starting loads) [116]. 
The arrangement of this facility is typical of the intermittent type, the major 
components are a compressor, Figure 6.1 (a), high pressure storage tanks (placed on 
the roof of the laboratory), Figure 6.1(b), reservoir, nozzle, test section and diffuser, 
Figures 6.1 (c) & 6.2. 
'In the Aeronautics Dept. they also run the compressible pipe flow experiment 
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Figure 6.1: a) The compressor unit and the controls shown, b) Compressed dry air 
tanks on top of the lab roof, c) Supersonic wind tunnel facility . 
The compressor outputs 95hp at 1440rpm as it compresses air that has been 
pre-treated through an oil/water separator to remove any droplets of oil that would 
affect the test section flow conditions, and finally dried. The expansion through 
the nozzle will condense any moisture in the air which at high concentrations will 
appear as a dense fog in the tunnel and will obstruct the visualisation system. Even 
at small concentrations the heat release associated with condensation can reduce the 
local Mach number and increase the local pressure [1161, thus this filtering stage is 
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necessary. After the filtering, the clean dry air flows into four large stoi-a, ", (, taiik, 2 
with a total volume of 9.5ml. An indicator shows the pressure available in the 
storage tanks. If that pressure is between 13.8 - 27.6 bar. the required reservoir 
pressure can be achieved 1117]. Next the air is blown down, hence this type of tunnel 
is also called "blow-down" wind tunnel. The stagnation pressure in the reservoir is 
controlled manually via the gate valve and with the help of another indicator., Fig-ure 
6.1(c). The supply pressure in the storage tank is continuously dropping during a 
test, so the valve is opened continuously to compensate and provide a constant 
reservoir pressure. 
As safety is of great concern, the reservoir incorporates a rupture disc whicli 
leads to a by-pass section, Figure 6.1(c). This will blowout if there is a rapid, unsafe 
build up in pressure and the flow will be redirected through the bY-pass and into the 
exhaust chimney. In addition there is a safety valve which can be operated maniiall. y 
and that can also relieve excess pressure. 
In order to slow-down the relatively fast flow coming from the thin pipe , systeiii 
and reduce fluctuations in the velocity, the reservoir chamber has the biggest possible 
cross-sectional area for the given nozzle. W-hile the flow expands in the nozzle tll(, 
fluctuations remain essentially constant and thus there is less turbulence per linit 
volume in the test section compared to the reservoir, but it is clear that the qualitY 
of the test flow depends on the uniformity of the flow in the reservoir. Generall. y 
though, for model tests, the influence of the turbulence level decreases for supersonic 
wind tunnel speeds, since pressure drag becomes more important than skin friction 
drag [116]. 
6.1.1 Supersonic nozzle and flow establishment 
The supersonic wind tunnel, Figure 6.1 has a convergent-divergent nozzle designed 
with the method of characteristics to produce a uniform 2.2 Mach number flow'. The 
required pressure ratio for an isentropic expansion to this Mach number Is POIPexit 
2Each storage tank is 1OTn long with 1.1in internal diameter 
3The BL displacement thickness was taken under consideration in the de-, igii of the tunnel. e-ý 
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10-693 [118]. The test section is followed by a constant area diffuser section at the 
end of which a normal shock is formed to adjust p,,, it to the back pressure, that is 
to the atmospheric pressure, SO AýI bar. For a Mach number of 2.2 upstream of 
the normal shock the static pressure ratio is PblNxxit = 5.484. Thus the exit pressure 
is equal to p,., it = 0.182 bar and the required reservoir pressure po = 1.95 bar. This 
value is for a theoretical inviscid flow, the actual value needed is higher since there 
are total pressure losses in the boundary layers on the walls. In addition viscous- 
inviscid interactions between the boundary layer and the free-stream cause more 
pressure losses. Pope & Goin [1161 state that for a flow Mach number of 2.2 the 
maximum tunnel compression ratio needed for starting a tunnel iS4 - 2.4, thus the 
reservoir pressure needs to be at least 2.4 bar. The maximum supply total pressure 
po in this facility is just over 2.7 bar, providing a sufficiently large operating margin. 
The static pressure in the test section is p,,,, = po/10-693 = 0.253bar and the jet will 
need to be injected at the same pressure as well for pressure-matched conditions. 
The unit Reynolds number for this facility is 32 million. The running times 
depend on the storage capacity and the mass flow rate of air through the nozzle. 
The storage pressure is 27.6 bar and the storage temperature is ambient temperature 
- 293K, thus 
Pstorage 
Pstorage 32.79 Kg/m 3 
RTambient 
and multiplied with the total storage volume the mass of air stored is 
Mstored = 311.57 Kg 
The air mass flow rate through the nozzle is the choked mass flow rate at the throat, 
p*A*u, where the flow is sonic, thus u= a* (where a* = ý\5-RT* is the speed 
of sound at the throat and T*, p* come from the isentropic relationships). That 
combined with the throat area, A* =0- 10 1 5m - 0.0483m = 0.004902m 2, gives a mass 
flow rate rh,, i, = 3.128 Kg1sec. The theoretical run time is the mass of air stored 
4They plotted results from eleven different tunnels, see Fig. 1: 25 on page 35. The pressure is 
considerably higher than the theoretical value, since the data 'Include tests with models installed", 
and models would generate further pressure losses. 
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divided by the mass flow rate, so = 99.6 sec. This is clearly an overestimation 
since the pressure in the storage tanks is dropping continuously and as mentioned 
earlier, below 13.8bar it won't be possible to provide the necessary reservoir pressure. 
This will push the termination shock upstream and eventually the flow will not be 
choked at the throat. This pressure corresponds to an air density of 16.41 Kg/M37 or 
155.92 Kg of stored air, and thus the flow will be choked at the throat while the first 
155-65 Kg of stored air are being consumed. Therefore in practice the maximum 
run time is roughly half the theoretical value - 50 seconds [1171. 
The length of the nozzle from the throat to the end of the test section is 37.5 cm. 
The test section height is 9.83 cm and the width 10.15 cm, Figure 6.2. There is 
a round quartz window of 11.2 cm diameter providing optical access to the test 
section. There are also 34 pressure tappings on the bottom wall of the tunnel and 
14 electronic pressure transducers which can be connected to any of them with 
flexible tubes. These are used to measure the pressure distribution in the nozzle 
with better than ±0.01 bar accuracy. This small error in the pressure measurement 
is the result of calibration uncertainty and of spatial and amplification errors. The 
pressure transducers are seen in Figure 6.1 (c) below the test section window together 
with the data acquisition card. The logging frequency is roughly 0.5 Hz so about 
50 samples are collected during the usual 25 seconds duration run 5- 
The pressures measured in the test section (p/po ý_- 0.095) correspond to a uni- 
form Mach 2.2 flow. The test section Mach number has been verified by the use of a 
simple wedge, the shock wave angle was within better than 1% of the one predicted 
by the oblique shock theory for M=2.2 [117]6. 
One difficulty with the tunnel operation is the access to the test section which 
is too labour-intensive, the heavy side wall needs to be removed completely. In 
addition the existing window is rather small. Particularly for this experiment it was 
a limitation since the injector strut had to be placed upstream of the window and 
5Half the run time is usually used so that if any changes need to be done a second run can be 
done straight away. 
6A wedge with 10 degrees semi-angle is used and the shock angle measured was 36.5 in com- 
parison with 36 predicted by theory. A difference within the protractor measurement accuracy. 
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at the end of the concave part of the nozzle were the flow is still partly accelerating. 
A possible future modification should first address these two weaknesses and ideally 
the window should allow optical access throughout the entire nozzle. 
Figure 6.2: Supersonic nozzle and test section. 
6.2 Schlieren flow visualisation 
A large part of this study is schlieren visualisation of the free-stream and jet flow 
field, thus careful consideration was given to setting tip the schlieren system. 
The schlieren technique shows variations in the local refractive index n of the 
working fluid, caused by variations in density p. It is sensitive to the first derivative 
of density with distance, or ý2 and --02 for an x, y plane. In the basic z-type mirror 9x '9Y 
setup shown in Figure 6.3, a light source is placed at the focal length of a parabolic 
mirror. The light reflects as a parallel beam and passes through the wind tunnel 
test section. On the other side a second parabolic mirror focuses the beam and 
develops the image of the original light source at the knife edge plane. The rays 
then expand again and a lens is used to focus them and develop the image of the 
test section schlieren object. In the test section, regions with density gradients will 
bend the parallel light rays in proportion to that gradient'. At the knife edge plane 
7 In fact the rays will be bent in proportion to the gradient of the refractive index, but there is 
a linear relationship between the refractive index n, and the gas density p, n-I= kp. 
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depending on the orientation of the knife edge, light rays that were deflected in a 
certain direction from parallel will be blocked. Thus the final test section image 
exhibits a variation of illumination which is proportional to the density gradients in 
the test section. 
Schlieren is mainly a qualitative method that is used to determine the location 
of flow field features such as wave systems, and their strength, and shear layers. Its 
results are more open to interpretation than data collected by a transducer, but it 
benefits from being a non-intrusive technique. Whereas the introduction of probes 
will inevitably generate disturbances in the flow field, even if the probe is extremely 
small. 
focal mirror side wall 
lens 
knife edge light 
plane 
source# 
I%I 
side wall 
focal mir, 
ý2, 
"' 
Figure 6.3: Schlieren Z-type basic set up with mirrors in the supersonic tunnel. 
Folding the light Path, as shown in Figure 6.3, causes the geometrical axis of the 
mirrors to be different than the optical axis. The resulting off-axis aberrations are 
coma and astigmatism. Coma spreads a point into a line and it results when a bundle 
of off-axis rays fail to arrive at the same image point. Those which reflect of the 
periphery of the mirror, form an image larger than rays which reflect of the center. 
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This results in a blurred image which is comet-like in shape, hence the name [1191. 
Coma is proportional to the offset angle 0. In a z-type configuration it can be 
canceled by tilting the mirrors at equal angles from the central optical axis [1201. 
This cannot cancel astigmatism, though, another serious off-axis aberration. 
Astigmatism stretches the image of a point into two perpendicular lines spaced 
along the optical axis. It results because the tangential and sagittal (or horizontal) 
sets of rays focus on different planes, the tangential image is closer to the lens/11-1irror 
than the sagittal image, Figure 6.4 [119]. This influences the selection of the cut off 
plane, since none of these two images or any other between them will be a perfectly 
focused image of the light source. The best option will be the plane where both 
the tangential and horizontal details of the image are equally partially focused. If 
astigmatism is large it will produce uneven background illuminance in the schlieren 
images. Astigmatism is proportional to the square of 0 and inversely proportional 
to f4. It cannot be eliminated completely but it can be minimised by usiiig "'niall 
offset angles (0), and mirrors of long focal-length. 
Vertical line at 
sagittal focus 
Tangential axis 
Horizontal line at 
tangential focus 
Sagittal axis 
Figure 6.4: Astigmatism from focusing the horizontal and the perpendicular sets of 
rays at different planes [1191. 
6.2.1 Schlieren set up in the supersonic tunnel 
The light source is a standard class room projector with a 25OW bulb for sufficient 
brightness. The projection lens is replaced with a horizontal rectangular slit of 
1.5 mm height. The mirrors available are either plane or concave ones with 3.04 m 
focal length and 140 nan diameter. A significant restriction on the schlieren set up 
is the Jay out of the room, Figure 6.3. If a simple z-type configuration is employed, 
whereby the light source is placed 3.04 7n 
from the focal mirror, unacceptably large 
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offset angles are produced (over 6' for this orientation), causing severe astigmatism. 
The limited space at the back of the tunnel means that the first offset angle produced 
between the projector and the test section cannot be reproduced between the test 
section and the knife edge, thus introducing coma aberration. 
To overcome the problems created by minimal space. an extension to the z-type 
arrangement is used, Figure 6.5, where an additional two more plane inirrons are 
used to further fold the light to suit the lab layout. The additional mirrors make 
the alignment efforts more challenging but with this configuration the offset angle 
is kept at a minimum. The front side of the schlieren system was developed for 
shadowgraph visualisation in the supersonic wind tunnel undergraduate lab [1171. 
and the goal was to produce a parallel beam of light through the test section. The 
arrangement was then extended on the other side for schlieren by A. Perales 11211, 
by effectively setting up the components as a reflection of the front side. In the final 
configuration the side wall was used to support the bar with the knife edge, lens' and 
camera. 
Z 
----------------------------- 
------------- 
foca I mirror 
side wall 
----------- 
light 
source plane 
mi rror 
carnera 
plane mirror lens plane 
focal ---------------- ---------- 
I 
----------------------------- ----- 
mirrot 
knife' edge 
sidaz wall n1ane 
Figure 6-55: Final set up of the schlieren system. 
This layout was further optimised by placing the parallel mirror after the test 
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section as far to the back as possible. This was done for three reasons. First and 
foremost the rays after the test section need to travel as large a distance as possible 
before they are focused so that any light rays that have been slightly refracted in 
the test section will be displaced enough and move their corresponding composite 
image on the knife edge plane as far off the background image as possible. Second 
the offset angle can be kept at a minimum, thus reducing astigmatism. Finally the 
size of the camera aperture puts a restriction on the resulted magnification, which 
needs to be less than unity so that the image size is actually smaller than the object 
size. Thus the object distance, the distance from the object in the test section to 
the focal mirror, needs to be as large as possible to get a smaller image. 
All optical elements were placed at the same height (131cm), with the mid-height 
of the test section window. The test section window is 112mm in diameter and so 
not all of the parallel beam, with 140mm diameter, is entering the test section. The 
knife edge is positioned parallel to the flow direction. A 50cm focal length lens 
is placed after the knife edge and the focused beam enters a digital Canon SLR, 
EOS-350D, 8Mp, that has its lens removed. 
When an extended light source, like a slit, is used the rays through the test 
section will not be exactly parallel. The extended light source is like an array of point 
sources each producing a beam that eventually focuses to its corresponding point 
at the knife edge plane, thus forming a composite light source image. Settles says: 
"The natural consequences of finite light-source size are not cause for concern" [120]. 
When the set up was complete a few images were taken of the wedge that was 
used to focus the system. In these a bright band could be observed near the top edge 
of the model, Figure 6.6 (a). The cause of this band was carefully isolated and was 
in fact mainly due to diffraction effects. When part of a wave is cut off the remaining 
parts of the wave front interfere to create a diffraction pattern, Figure 6.6 (b). The 
width of the main band is proportional to the amount of blockage [122]. In this 
configuration diffraction effects are introduced at three positions, in the light source 
slit, in the test section from the sharp solid edges of the model and of course in the 
knife edge plane. This "Halo" around the edges in the image plane is most clearly 
visible at near full cutoff in which case the diffraction at the knife edge prevails. 
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Figure 6.6: Diffraction effects [122]. 
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The effort put into creating a low aberration schlieren system has meant that the 
system is sensitive enough to capture convection current from a hand and to show 
the Mach waves or weak shock waves emanated from the BL and small imperfectioiis. 
in the tunnel. 
Figure 6.7: (a) Convection current from a hand, (b) Fully supersonic flow with 
model-free test section. 
From the images of Figure 6.7 the test section image is captured left to right 
but not top to bottom, even though the magnification factor, 0.17, was sufficient for 
the size of the camera's aperture 35mm x 35TnTn. This is not surprising since the 
magnification ratio along the optic axis is different from the lateral magnification. 
Indeed for small values of the magnification factor the image of an object is reduced 
along the axis much more than it is reduced laterally [122]. 
One lesson learned from this initial set up stage was that the compressor, which 
was in the neighboring room, had to be switched of before the start of the runs oth- 
erwise the vibrations in the room were degrading the picture quality drainatically. 
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6.3 Axisymmetric vs Planar Jet configuration 
The advantages of limiting the CFD simulations to two-dimensional flows were men- 
tioned earlier. To provide good matching between the CFD and experimental sit- 
uations, the experiment also must 'be as two dimensional as possible. This section 
discusses whether a planar jet is better than an axisymmetric one. 
Figure 6.8: (a)Axisymmetric and (b)Planar jet. 
An axisymmetric jet, Figure 6.8(a), is convenient both experimentallY and com- 
putationally. A planar jet, Figure 6.8(b), is just as convenient, computational ly, as 
an axisymmetric one since both require two-dimensional simulations. But experi- 
mentally at the jet edges we have departure from two-dimensionality, either due to 
end wall effects, if the injection strut spans the tunnel, or due to the finite span of 
the strut. The choice was based on the experimental requirements like the required 
helium mass flow rate, 7ýlHe- 
Practically there is no restriction on r4He, since any number of helium bottles 
can be used to provide the required mass flow. For this experiment the rhHe from 
a single bottle was set as the maximum. In order to measure the mass flow rate 
the pressure inside the bottle was recorded then the bottle valve was opened for 
10 seconds and then shut. After waiting for the gas to settle down for a couple of 
minutes its pressure was recorded again. This way dpldt was measured and then 
substituted below to work out ? ýIHe- 
PVbottle MHeRT,, mbient 7: ý' 
dp 
Vbottle 
dln He RT,, 
mbient dt dt 
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dMH, dp I 
dt = dt 
Vbottle 
RTambient 
7-4He e, 0.015Kglsec 
For a given nozzle throat width an axisymmetric throat will feature a smaller 
cross-sectional area than a planar one of large span. Therefore, from the quasi-ID 
continuity equation 7ýIH. : ---- p* 
Athroat 
* U, for a given permitted mass flow rate an 
axisymmetric nozzle provides a larger width jet, hence better spatial resolution. 
6.3.1 Specific requirements for experiments 
Designing an experiment for injection of a supersonic jet of Heliuni into a co-flowing 
stream is challenging and requires as much background design as passible. Specific 
requirements are: 
1. The Helium jet must be properly "pressure-matched" to the external stream. 
Any simulation of under- or over-expanded 'fuel' streams should be deliberate 
rather than accidental. 
2. The jet must be fully visible experimentally, since the biggest part of the useful 
experiment data is visualisation studies of jet development. 
3. Interference by wave systems radiated from support systems etc. must be 
minimised. 
4. Being able to perform experiment in a relatively small supersonic tunnel 
(, AI,, 2.2), so the dimensions of the model should be carefully considered to 
avoid unstarting the tunnel. 
These requirements are satisfied better by an axisymmetric jet rather than a planar 
one and combined with the considerably less mass flow rate required (so more ruils 
could be done with one bottle). the decision Nvas made to design for an axisymmetric 
helium jet to be injected. 
The quantitative data that could be obtained was restricted to the pressure 
distribution in the wall and pressure measurement inside the injection niodel. 
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6.4 Phase 1 of model design and manufacture 
During the design phase the main point of interest was what would be the simplest 
test model, that can be used to test ideas of fuel injection. but still approximate 
fairly closely an axisymmetric flow. If a body is introduced in the supersonic wind 
tunnel it will generate a shock wave system. A very simple configuration would be a 
tube that is inserted in the tunnel perpendicularly or at an angle and then it bends 
to become parallel to the flow. But in this case the shock wave system caused by 
the supply tube would interfere heavily with the fuel jet. To minimise this effect the 
pipework should be as streamlined as possible. Initially a blunt-based wedge shape 
was considered but that would give rise to a very unsteady turbulent wake behind 
it, which would interfere with the jet. Instead a double wedge diamond shape NN'as 
proposed as the streamlining for the injector tube. This would still distort the flow 
but this time the flow field behind it Ný-ould be much cleaner. 
Flow blockage 
Another important consideration was that the maximum frontal area of the model 
was small to prevent a second throat in the test section and hence choking of the 
flow. If the model is sufficiently small the starting normal shock will pass across the 
model during the starting process, Figure 6.9. 
Yj 
/YA\ 
Figure 6.9: From left to right starting of a tunnel with model [116]. 
The rule of thumb can be used whereby the minimum unblocked area, A*, should 2 
be larger than the original throat area, -4*1 . 
More accurately the area of a second 
throat varies with the loss of total pressure in the test section as [1161: 
A* Pol 
-l* 1 
P02 
where po, andP02 are the total pressures upstream and downstream of the normal 
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shock in the second throat. The presence of shock waves from the support strut will 
cause a drop in total pressure. The dimensions of the final design were 15' degrees 
semi-angle, 12 mm thickness, 50 mm height I and 48 mm length, or 88 mm when 
combined with the nozzle9, Figure 6.11. For a 2.2 Mach flow, from the oblique 
shock wave tables [118], a 15' wedge corresponds to a shock wave angle of 41' and 
a normal component for the upstream Mach number of M,,,, = 2.2 - sin 41' = 1.44. 
From the normal shock properties tables [118] this corresponds to a total pressure 
ratio of, P02/POI = 0.947. Knowing the area of the original throat, A*, = 49.02 c-O I 
from eq. 6.1 the second throat area is, A* = 51.77cm 2. At the position of the model 2 
the area is A2 = 10.15 cm - 9.58 cm = 97.24 cm 2, and the model's frontal area is 
Afrontal = 1.2 cm *5 cm =6 cm2, so the unobstructed area for the mass flow of 
the nozzle to pass through is Aunobstructed= A2- 
Afrontal= 91.24 cm 
2, 
considerably 
bigger than the second throat area, thus the flow should not choke. 
Loads estimation 
The strut needs to be able to take the aerodynamic loads in the tunnel and 
estimates of the possible forces on the strut were calculated. First the pressure drag 
from the oblique shock wave, also called 'wave drag', Figure 6.10. For this model 
,E= 
150, 
a= 23.29 mm, pi = 0.259 bar, P2 = 0.589 bar and P3 = 0.099 bar. The 
stream-wise force, or drag, is 
FfQrward//- Frearward// - (P2 - P3) - area - sine = 17-77 N-2.98 N= 14.79 
N 
This is the pressure drag from the top surface, the overall pressure drag is twice that 
with the equal contribution of the bottom surface as well, so total pressure 
drag is 
29.58 N. 
Then the skin friction drag was also estimated. The shear stress varies as -r = 
8 In order for the jet to be injected at mid-height in the tunnel, the strut 
itself had to be a little 
bit taller than the mid-height 47.9mm. 
9The size of the injector indicates that this is not a realistic model of 
ScramJet engine injector 
as it is too laxge 
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Figure 6.10: Diamond-wedge airfoil at zero angle of attack in a supersonic fioNv, 
estimation of pressure drag [123]. 
cf - q,,,,, where q,,,, =I poo U2 and cf is the skin friction coefficient which was estimated 2 00 
using an empirical relationship [124] assuming a turbulent boundary layer as the 
worst case scenario for the drag". Thus the skin friction drag is worked out as: 
TE 
-F - cosc ds = 
LE 
82 
519.62 cosc ds 501.92 (82 - 51) =: 24.09 N 
With an equal contribution from the bottom surface the total skin friction drag will 
be 48.18 N. The total drag on the strut will be the combination of the two, thus 
D= pTe88Uredrag + 8kin f riction drag = 77.76 N 
For a slender body at supersonic speed most of the drag is expected to be pressure 
drag [123], so here the skin friction drag is overestimated due to the assumption of 
a turbulent boundary layer. Thus the model was designed with an ample safety 
margin. 
Manufacture 
The idea was to build the double wedge and drill holes to it through which the 
helium could be supplied. Figure 6.11 (a) shows a Pro, /Engineer drawing of this. 
The nozzle fixture in the strut, Figure 6.11 (b), required to provide a few millimeters 
of wall for support, which was fixed at 5mm. In order to provide for this the fimil 
'OThe empirical relationship is presented in Appendix B 
6.4. Phase 1 of model design and manufacture 154 
design had a short plateau of 3mm in the middle of the profile, which did not change 
the pressure drag and the skin friction drag of the model. 
48 rnm 
12 rnrn 
3 rrvn 
9.5 rrvn 
6mm 5 
88 mm 
Figure 6.11: Pro/Eng drawings of the injector. 
A two dimensional inviscid CFD calculation on the profile of the strut, neglecting 
the nozzle, was done to investigate the wave system generated. Figure 6.12 shows the 
pressure contours plot, plane A is the LHS of the window. , plane 
B is the trailing edge 
of the nozzle. The reflected shock wave impinges the centreline at plane C, - 3.1cm. 
downstream from the nozzle exit, with the region up to that point being reasoriably 
of constant pressure. In practice the compression-expansion system developed in 
the strut-nozzle interface will interfere with the wave from the strut LE. 
50 
40 
E 30 
E 
>, 2u 
10 
0 
Figure 6.12: Pressure contour plot of the final support strut design, 2D CFD result. 
The nozzle, also shown in Figure 6.11 was designed to produce a helium jet of 
Mach 2.6 which is pressure matched to the free stream. The nozzle's expansion 
surface was designed as conical for simplicity and because for short expansion re- 
gions, as in this case, both contoured and conical nozzles would show a similar wave 
pattern [751. The conditions for this run are given in Table 6.1 below. 
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Mi AI2 Mrel AIcl:::::::::::: Alc--2 p -1 
L-2 
P, Ul dx incomp. 
2.2 2.6 2.28 1.14 4.5 0.37,0.1-54 
Table 6.1: Characteristic parameters for this run. 
The Reynolds number in the experiments was: 
* 8.94 x 10' for the Helium gas, based on the jet diameter (6.18 omi) 
e 3.22 x 10' for the air stream, based on the jet diameter (6.18 tim? ) 
Figure 6.13, shows the manufactured model together with the support structure that 
was used to mount it on the supersonic tunnel. The feat iires seen are: 
* "Screw-in nozzles"; which gives flexibility in terms of the range of possible jet 
Mach numbers. If the initial design does not produce satisfactorY conditions, 
then a new nozzle can be designed and manufactured, rather than producin", 
an entirely new model altogether. The same nozzles could also be used in Hie 
next phase of the model design. 
* Drilled holes; as well as providing the supply passage for helium to the nozzle, 
the hole on the top is also the location by which the model is screwed to tll(, 
support structure, see also Figure 6.11 (a). The nut seen in the figure is used 
to lock the model in place. The hole in the bottom-front of the model is where 
the nozzle tube fits in. In fact, a short length tube is glued in place in this 
hole and then the nozzles just screw in to that. 
e Support structure; this serves two purposes. it supports the model 
in the 
tunnel and provides connection to the helium gas supply bottle. A turning 
mechanism was incorporated so that the model could be "yawed" and aligned 
with the flow direction, with the tunnel closed. 
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Figure 6.13: The Helium jet injection system. 
6.4.1 Pressure losses in the pipe system 
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"Screw-in" 
nozzles 
From the isentropic relationships the free stream static pressure in the tunnel is 
0.252 bar and the jet exit pressure needs to match this value for pressure matching. 
Again from the isentropic relationships for a Mach 2.6 Helium jet the total pressure 
needs to be 4.8 bar. This is in the ideal case where no pressure losses occur in the 
supply pipe system. A program was written to calculate the losses due to Fanno 
flow phenomena in the long supply tubes. In a Fanno flow friction always drives a 
flow to a sonic limit, decelerating a supersonic flow and accelerating a subsonic flow. 
The program can be found in Appendix A and it incorporates: 
o Several pipe segments of constant diameter but with length differences". The 
pressure losses were calculated using the equations for an adiabatic flow in a 
constant area duct with surface friction 1118]. The surface friction coefficient 
was calculated using the exp erim ent ally- derived Reynolds number power law 
[125]: 
0.074 
cf ReO. 2 
Right angle bend; the pressure drop across it was calculated using the equation 
" This can readily be changed to pipe segments of different diameter as well. 
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below from [1261, 
Ap -Kx1 PV2 2 
the loss coefficient K was taken to be equal to 0.9 from [ 12 71 - 
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9 Convergent- divergent nozzle; the pressure drop across it was calculated using 
the isentropic flow properties. 
The program was validated by assuming air as the working gas and comparing with 
the tables for the compressible flow of dry air in constant area ducts 1118]. For the 
specific model (overall tube length 60 cm) and jet Mach number that NN-as assumed 
,tý2.6) 
the required total pressure is 5.69 bar and the static in this experiment (Mje 
pressure at the helium regulator needs to be roughly 5.5 bar. 
6.5 Phase 1 of Experiments 
ln the course of the Phase I experiments the following topics were of key interest: 
* determine whether the Helium jet is visible using schlieren visualisation and 
optimise the schlieren set up 
* determine whether the Helium jet is supersonic 
* determine the appropriateness of a digital camera as the means of capturing 
the schlieren images 
* visualise the flow around the simple model and determine the interference that 
it gives as a feedback for the design of the next model 
Running the experiment required a minimum of 3 people, one to operate the 
supersonic tunnel, one to operate the Helium bottle and one to take the pictures. 
The pressure logging could be started in advance so there was no need for a fourth 
person 
12 
- 
The experimental set up is shown in Figure 6.14 below, the model is mounted 
on top of the test section and the Helium bottle was placed as close as possible to 
12 The first phase of the experiments has involved only schlieren visualisation of the flowfield, no 
pressure measurements were performed. 
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the model to minimise surface friction effects in the walls of the tubes carrying the 
Helium. 
He regulator 
11 
a4. 
"11 eè 
. .. 
', 
4% 
ti 
Figure 6.14: Image of the experimental set up in the supersonic tunnel. 
Initially different shutter speeds and ISO" settings were tried with a slow moving 
Helium jet (i. e injection at low supply pressures into the test section with "no flow"). 
It was found that faster shutter speed produced better pictures, Figs. 6.15 and 6.16, 
and thus the maximum shutter speed of 1/4000 of a second was used for all further 
studies. A value of 400 for the ISO seemed to give a good balance between image 
brightness and detail. 
Figure 6.15: (1)1/500, (2)1/1000, (3)1/2000 of a second shutter speed. 
He bottle 
M- .. 
13The ISO determines how sensitive the camera is to light. The less the 11--lit t1w ISO 
should be but that also makes the image grainy. 
10 
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Figure 6.16: (a)Knife edge and (b)colour filter image of a slow Helium jet. Shutter 
speed 1/4000. 
From these first runs it was verified both that the helium jet is visible and that 
a digital camera is appropriate for capturing the schlieren images in the supersonic 
wind tunnel. In fact it proved to be a time saving feature, since images incorpo- 
rating small changes to the settings could be checked instantly. This way the best 
settings were identified very quickly. This also includes changes to the experimental 
parameters. 
6.5.1 Model aerodynamics 
The second step was to run the tunnel without any helium injection to see the 
flowfield and the shock wave system generated due to the model. Because of the 
small size of the test section window, the model was tested at different axial positions 
to develop a composite picture as seen in Fig. 6.17. The model during the run looked 
verv solid, no vibrations could be seen. 
(1) The major wave emanates from the bottom of the leading edge of the model, 
the "wing tip". This is a three dimensional effect from the finite span of the strut. It is 
in fact a Mach cone that defines the downstream region within which the disturbance 
at the wing tip can propagate. This then reflects off the tunnel walls and impinges 
on the jet further downstream. (2) Similarly there is a Mach cone emanated from 
the shoulder in the strut's profile. (3) At the trailing edge of the bottom of the 
strut there is a shock wave due to the separation of the boundary layer. 
(4) The 
separated boundary layer becomes a free shear layer wake that develops very close 
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to the main jet mixing layer. This shear layer will inevitably interact with the jet. 
this might prove to be useful in a real scramjet engine but for the purposes of this 
experiment it is an undesired secondary effect that should be avoided in the next 
phase model. (5) In this case there is no jet injection but there is still a shear layer 
because of the base region at the end of the nozzle, (6) the expansion jets in that 
region can also clearly be seen in the picture. 
Figure 6.17: Knife edge image of the flowfield due to the model. Flow field features 
are labeled for further explanation. 
The model is designed to leave a maximum 10 mm gap from the tunnel walls at 
the point where it is joined to the support/supply tube, Figure 6.19. This was done 
to be able to use a spanner to tighten the support nut. At the interface between the 
threaded cylindrical support and the wall a so-called "junction flow" develops, some 
features of which are shown in Figures 6.18 and 6.19 (c). A bow shock forms ahead 
of the cylinder which separates the approaching boundary layer as shown in Figure 
6.18. This results in a separation shock as shown in Figure 6.19 (c), (the reason 
several lines can be seen is that the separation occurs three dimensionally around 
all the bow shock path). In this case there will be four additional interferences that 
will complicate the flow field in that region. 
First the separated boundary layer forms horseshoe vortices that wrap around 
the obstacle [128], region 2 in Figure 6.18 (b). These are most likely unsteady in 
terms of their location, size or circulation. Second some of the separation shocks will 
be reflected a few times between the top surface of the strut and the wall, feature (a) 
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in Figure 6.20. Third there is a Mach cone from the top leading edge, the same as 
the one from the bottom leading edge that will also reflect back and forth between 
the top of the model and the walls, feature (b) in Figure 6.20. Finally there will 
be a normal shock system upstream of the support nut as the one shown in Figure 
6.19 (c) and in Figure 6.20 as feature (c). These waves will interact with the waves 
from the cylinder-strut junction and change them drastically. Figure 6.20 shows 
a succession of colour filter schlieren images of the flow field in that region. the 
technique is capturing some of the features discussed, including some unsteadiness. 
The interactions in this region are three dimensional and result in some oblique three 
dimensional shock waves emanating from the top of the strut, feature (7) in Fig. 
6.17. These impinge the jet relatively early on in its development, however with the 
current system of fixing the model this interaction cannot be completely avoided. 
Figure 6.20 also shows the boundary layer on the walls, upstream of the model. 
b) 
Boundary-ri 
flow region 7 
Wake- 
compr 
Figure 6.18: Flat plate cylinder interaction (a) oil flow top view of a cylinder flat 
surface junction for -A/I,,, = 
2.8 from [1291 and (b) drawing of the main features of 
the interaction [130]. 
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Figure 6.19: (a) Zoom in to the model mounting point, (b) drawing of the exper- 
imental set up for the investigation of flat plate-cylinder junction flow, and, (c) 
schlieren side view of junction flow at M,,,, =5 from [1311. 
Figure 6.20: Successive schlieren images of the flowfield in the region between the 
top of the strut and the wall. 
U- 
ri, ature (8) was the most intriguing one 
in this phase of the experiments, because 
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it was also the steepest. Initially it was thought that it is a shock wave from the 
strut-wall junction but the steep angle that it forms with the flow direction means 
that it would be a very strong shock and that it should have affected the flow 
downstream of it significantly. Instead there are many waves downstream of it at a 
much smaller angle to the flow direction. In particular when this feature intersects 
with shock wave (3) it does not affect the shock angle which would not be the case 
had it been a shock wave. This could be because this wave is not at the center-plane 
as shock wave (3) is but at a different spanwise plane. This is very unlikely because 
of the proximity of this wave to the strut and because boundary layer separations as 
described above could not produce such a steep shock wave. A possible explanation 
for this feature is the interaction between the Mach cones from the top and bottom 
at the LE and the Mach cones from the shoulder of the strut's profile, again top and 
bottom, Figure 6.21. Such a feature could arise at the interface of these waves. 
Figure 6.21: Possible explanation of feature (8) seen in Figure 6.17. 
The flowfield features in Figures 6.17 and 6.20 are slightly blurred and that has 
to do with the three dimensionality of the flow field and the nature of the schlieren 
visualisation. The technique assumes the recorded information is 
local, that the 
light "cames information on the 8tate of the flow at the positllo'i? it, here it is ., ýcattcrcd 
6.5. Phase 1 of Experiments 164 
from, and that this scattered light Zs not changed during its further passage through 
the flutd" 11321. In practice the flowfield is three dimensional, some such features 
were mentioned above. Other interactions exist between the nozzle and the strut 
body, where a three dimensional c om press ion- expansion is taking place. In addition 
the boundary layer, which will most likely be turbulent. on the side NN-indows will 
have density gradients and will scatter light. The effect of all these will be that 
none of the two-dimensional features will be very crisp and sharp, they will appear 
slightly fuzzy, as will do the free stream. 
6.5.2 Helium jet injection 
The third step was to run the tunnel with helium injection at high jet supply pres- 
sure. In Figure 6.22 a photo editor was used to enhance the colours seeli iii flic 
picture. 
From the first images obtained it wasn't clear if the jet Nvas supersonic relýitive, 
to the nozzle. Nevertheless, during the run the helium bottle supply pressure was 
higher than that required according to the Fanno flow calculations. 
Figure 6.22: Colour filter image of Helium injection with high jet supply pressure 
and tunnel running. 
Figures 6.16,6.17 and 6.20 show that the knife edge was more sensitive to the var- 
ious density gradients, compared to the colour filter. The experiment was repeated 
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this time taking a knife edge image of the jet, and this technique was predominantly 
used for the rest of this study. 
Figures 6.23 and 6.25 show close up pictures of the Helium jet with high supply 
pressure in both cases. In Figure 6.23 the tunnel is running and in Figure 6-20 
it is not, the features indicated in these figures seem to point to the fact that the 
jet is supersonic in both cases. For the first case a lower limit for the jet's, Mach 
number can be calculated by measuring the angle that the internal shock wave forms 
with the centre axis. The weaker this shock wave is. the closer to a Mach wave it is 
going to be. Therefore, by assuming that the measured angle is the Mach angle p an 
estimation for the Mach number is derived. In this case the estiinated Mach number 
for the jet is 2.56, close to the design Mach number of 2.6. In Figure 6.24 a draN\-iilg 
of the jet image seen in Figure 6.23 is given together. with possible explanations for 
the flow field features. 
Figure 6.25 is typical of an over-expanded supersonic jet. The jet, exits, the nozzle 
at a pressure lower than the back pressure of the free stream and so the boundary 
condition at exit requires a supersonic compression process. TNN'o oblique shock 
waves raise pressure to back pressure and turn the flow inwards. The shock Nvaves 
then reflect at the centreline. If the pressure difference is small regular reflection 
(RR) will occur, but high pressure difference will cause Mach reflection, resulting 
in a Mach disc, Figure 6.25, the properties of which are influenced by the nozzle 
shape [133]. Again Figure 6.26 is a map of the flow features seen in Figure 6.25. 
The jet and supply conditions was designed so that the jet and the free stream 
were pressure matched, so one would not expect to see any waves in the jet exit 
region. In practice, the separations of the base region at the lips of the nozzle and 
the displacement thickness of the mixing layer will produce waves. These are related 
to the viscous character of the flow, and exist even for a pressure matched jet. In 
addition, the nozzle is not contoured so that the jet flow has a slight di\-ergeil(-(,. 
initially, at exit anyway. 
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Figure 6.23: Knife edge image of Helium injection and tunnel running (zooin in to 
the jet exit). An internal shock wave is apparent so the jet appears to be supersoiiic- 
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Figure 6.24: Mapping of flow features seen in Figure 6.23. 
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Figure 6.25: Knife edge image of over-expanded supersonic Helium jet injection into 
steady air at high jet supply pressure. 
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Figure 6.26: Mapping of flow features seen in Figure 6.25. 
The mixing between the free stream and the jet in the recirculation zone in Hie 
small base region, between the exterior and interior of the nozzle, might prove to 
be beneficial in a real life scramjet engine injector application. The main focus of 
this study though was the mixing in the shear layer itself, so the existing nozzle 
was slightly modified near its trailing edge to reduce this base region to a minimum, 
Figure 6.27. The final thickness of the base region was - 0.2mrn. The model was 
then tested again and the schlieren image shown in Figure 6.28 was obtained. 
The change to the nozzle did not improve the flowfield dramatically, the two 
streams are now both inclined and converge towards each other which results in a 
rather more powerful shock wave than before. Inside the jet, the trailing shocks 
system is very similar to the previous nozzle. In comparison to the initial nozzle the 
fiow field has not improved dramatically. 
OPP 
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6.28 mm 
9.5 mm 
Figure 6.27: The modified nozzle. 
« 
Figure 6.28: Flowfield for the modified nozzle, same conditions as Figure 6.23. 
This completed the tasks of phase I which were to set up a low aberration 
sclilieren system and investigate the feasibility of supersonic helium jet injection, 
in a controlled manner, in the supersonic tunnel of Imperial college, and to obtain 
useful information for the design of phase 2 model. 
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Chapter 7 
Phase 2 of experiments 
In the second phase of the experiments the main objectives Nvere, 
1. Improve the strut aerodynamics by designing a second strut using the lessons 
learned from phase I model, further cleaning up the near jet flow field. 
2. Verify calibration of Helium mass flow rates by incorporating some means 
of precisely monitoring the Helium flow. This will be achieved bY making a 
pressure measurement inside the model prior to injection. 
3. Ensure that the workshop effort required is minimised, that the model should 
be easy to build. 
4. Similar to phase 1, to perform a visualisation study of helium jet into air. 
7.1 Model design and manufacture 
Phase I tests indicated that four of the major disturbances in the model flow field 
arise from the bottom edge of the model, Figure 7.1. To reduce these the height of 
the support wedge was increased until it spanned most of the tunnel's height. This is 
essentially a double strut that has been reported in other works as an improvement 
to a single strut [134]. 
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Figure 7.1: Interference from the bottom edge of the strut. 
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The new strut will be supported both on the top and the bottom of the tuiniel 
for extra rigidity. In addition, with this configuration there can now be two helium 
supply ports. Similarly to Phase 1, nuts will be used to fix the model in the sup- 
port/supply tubes and stop it from yawing. For ease of access to these nuts the new 
model is also designed to leave a 10 mrn gap from the tunnel walls on both sides. 
7.1.1 Streamlining 
Further streamlining of the model by reducing the wedge angle will help improve the 
flow field. In addition the shock wave angle will reduce, thus reducing the effect of 
wave reflection from walls and impinging the jet further downstream. The thickness 
of the strut (12 mm) could not change due to requirements of the model support 
and Helium supply fixture. The wedge angle could only be decreased by increasing 
its length. This would increase the friction drag but it would significantly reduce 
the pressure drag, which is the predominant drag component for slender bodies in 
compressible flows [5]. 
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7.1.2 Swept or Unswept strut 
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Sweeping was considered as another option for effectively streamlining the strut 
and further cleaning up the flow field. For a given strut profile sweep reduces the 
normal component of the Mach number to the LE and so reduces the strength of 
the resulting shock wave. Thus sweeping has the potential of minimising the total 
pressure losses due to the strut. The strut can be either swept backward, Figure 7.2 
(a), or forward, Figure 7.2 (b). For a backward swept strut spanwise flow is directed 
away from the nozzle and cannot interfere with the jet. But the shock waves from 
the strut/wall intersection will impinge with the jet very early in its development. 
This was the case in the experiments of Naughton & Settles [66] where a backward 
swept strut was employed, see Figure 2.16 (a) in the literature review. The strongest 
shock generated, and also the first shock to interact after the reflection from the walls 
with the injected flow, was from the strut/wall intersection [66]. This also happened 
with the Phase 1 model (see Figure 6.17 in section 7.5). For a forward swept strut 
the spanwise flow is directed towards the centreline and the nozzle. But it can be 
designed such that the strut/wall interaction shock wave impinges on the nozzle. 
access point 
flow 
a) 
---------------- 
\\spanwi 
flc flow 
access point 
)wind4ow b) 
------------ ---- 
pa 
shcock wave 
ImPingement 
lane 
access point test section wall 
)vAndow 
pP P6 
flov, 
-------------- ----------- ------------- --- 
spanwse 
flow 
shock wave 
iýmpinqenlent 
4ane 
access point 
Figure 7.2: (a) Backward and (b) Forward swept struts that were considered together 
with possible wave systems. 
No clear advantage could be found for using the swept strut, in addition 2D CFD 
runs of the cross section of a swept-strut would not be helpful since there will be 
many 3D effects that are not captured, Figure 7.2. Finally, manufacturing time for 
a straight strut will be greatly reduced in comparison. Thus a decision was made to 
design an unswept /straight strut. 
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7.1.3 CFD assisted design 
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The design process was assisted by two dimensional. inviscid CFD im-estigations 
of a variety of strut profiles. In case 1, Figure 7.3 (a). the length of the "-trut NN, as 
taken to its extreme, 88mm, so that the TE would coincide with the LHS of the 
window. The strut is symmetric and the shock crosses the centreline at plane B. 
62.2 mm from the left edge of the window, plane A. The strut does not necessarily 
have to be symmetric and some variations on the basic shape were tried, cases 2-3 
on Figures 7.3 (b) and (c). There was no significant improvement, or change in the 
downstream position of plane B. Practical reasons like the placement of the nozzle 
in the wedge lead to the decision to keep the symmetry feature and shorten the 
width to 78mm, case 4 Figure 7.3 (d). In addition a symmetric strut is easier and 
faster to manufacture. For this case the shock impinges the centreline at 61.6 nI III 
downstream from the LHS of the window. 
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Figure 7.3: CFD 2D simulations, pressure contours normalised by free stream pres- 
sure presented in pressure steps of 0.01. Phase 2 model wave system for different 
strut profiles, plane A is the LHS of the window and plane B is the point were the 
shock wave reaches the centreline. In each case the mesh has 870x150 cells. 
In Figure 7.4 below the Mach number contours for the final strut profile are 
ýJD 
shown) together with a few streamlines that show the flow path. 
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Figure 7.4: CFD Mach number contours, in Mach number steps of 0.02, for the final 
strut design of Phase 2 model. 
The model is placed at a position such that the LE is 198Tnm downstream from 
the nozzle throat. The constant area part of the nozzle begins at 285 mm, thus the 
flow at the LE is still accelerating. The Mach number at that location is - 2.12 near 
the walls (measured) and - 2.18 in the centreline (theoretical) [117]. The latter was 
used as the free stream Mach number, since the injection happens in the centreline. 
The nozzle protrudes from the LHS of the window 7mm, so the jet is free to develop 
for 54.6 mm before the shock wave from the strut interacts with it. 
7.1.4 Final configuration and estimation of loads 
The final design described above and shown in Figure 7.5 features a longer chord, 
78 mm, giving a reduced semi-angle of 8.75 degrees. It's height is 80 mm and spans 
most of the tunnel's height. Figure 7.5 shows two cross sections of the strut complete 
with all dimensions involved. 
Monitoring the Helium injection 
The phase 2 model was designed to incorporate some means of precisely nionitor- 
ing the helium flow, preferably as close to the jet exit as possible. For Oils a liole 
was drilled in the strut which is shown in Figure 7.5. 
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Figure 7.5: Drawing of Phase 3 model design. 
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There was a restriction on the size of the hole since for small drill diameters 
roughly a depth of 10 times the drill diameter can be manufactured (ex. a 0.5 mm 
drill can drill up about 5 mm'). The hole had to reach almost the centreline of the 
tunnel since it was better for the pressure measurement to be made near the jet exit., 
that meant that at least 35mm had to be drilled. Finallýl a 2mm hole was used for 
the static pressure measurement. 
'Private communication with workshop technician Stephen Johnson 
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picture of the final phase 2 model is shown in Figure 7.6 next to the phase 
I model for comparison. The nozzle itself was designed assuming that the Mach 
number of the Helium flow before the throat is 0.35. The assumption was validated 
by the fact that the resulting jet was supersonic. In fact the model is relatively 
insensitive to faster upstream flows since the sonic condition NN-111 still be reached in 
the nozzle. Slower flows, however, would lead to a subsonic exit flow. 
Figure 7.6: 
comparison 
Phase 2 model (right) shown together with phase 1 niodel (left) for 
Nozzle BL thickness 
An estimation of the BL thickness was derived assuming the length from the 
strut LE all the way to the nozzle exit as a flat plate with a developing turbulent 
BL. The exact levels of free stream turbulence in this facility are not known but 
it is expected they are low after a nearly uniform flow in the plenum and then an 
isentropic expansion in the nozzle. Nevertheless the turbulent BL growth rate, eq. 
7.1 was considered as a worst case scenario. 
0.37x 0.37 - 0.082 
/5 (211 x- 105)1/5 
= 0.001 m 
ReX 
Flow blockage 
(7.1) 
For a Mach 2.18 flow a 8.75' wedge semi-angle corresponds to a shock wave aiiale n 
of 34.85'. This corresponds to a total pressure ratio of, --, 0.987. and from P02 
IP01 
2 
eq. 6.1 the second throat area is, A* = 49.635 cm . The model's frontal area is 2 
Afrontal = 1.2 cm *8 cn? = 9.6 CM 
2, 
so the unobstructed area for the mass flow of 
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ý51 cm 2. considerablv the nozzle to pass through is Aunobstructed = A2- Afrontal = -64 
bigger than the second throat area. 
Loads estimation 
The loads were calculated similarly to phase I model loads. For this inodel c= 
8.750, a= 39.46mm, pi = 0.259bar, P2 = 0.427bar and P3 = 0.149bar. The pressure 
drag is : 
(Fforward// 
- 
Frearward// 
)= 
2 ((P2 - P3) - area = 
2 (20.49 N-7.168 N) = 26.64 N 
which is less than the previous model. The skin friction drag is : 
s 
F 
2 
ITE 
-F - cose ds =22 484.8 cose ds =2 (478.7 
(82 
- 81» = 74.6 N 
LE 
is, 
The total drag on the strut will be the combination of the two, thus : 
D= pressure drag + skin f riction drag = 101.24 N 
7.2 Pressure losses in the pipes 
The program for calculating the pressure losses used in Phase I was used here along 
with some modifications to account for the two supply points. The pipe systelli from 
the helium bottle exit to just before the nozzle was treated as two pipes connected 
in parallel. For pipes connected in parallel the total volume flow rate is the sum 
of the volume flow rates in each pipe. In this case the two pipes are of the same 
diameter and roughly the same length, thus the volume rate in each will be half the 
total. Thus from mass continuity equation the velocity will be half in each pipe. 
Thus the pressure loss is the same for each pipe and is calculated only for one of 
them. 
For the surface friction coefficient, cf. an analogy to Kirchoff's law for electrical 
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resistances is used where the two parallel pipes are considered as equivalent to a 
single pipe with a cf equal to [127]: 
11+1 
ýlk ýýK-j ý/K-2 
(7.2) 
where K == -ýL! is the resistance coefficient, n =: 2 for a turbulent flow. I is the 3-d5 
pipe's length and d is the pipe's diameter. 
Substituting above and since the two pipes are the same, thus cf, = cf2 . the 
equivalent surface friction coefficient is 
Cf - 
Cf, 
4 
(7-3) 
The new nozzle was designed for a Mach 2.2 jet. For a pressure matclic(l jet, 
(pj, t - 0.252 bar) from the isentropic relationships a total pressure of 2.1-7 bar is 
required. Using the pipe friction program the required total pressure is 2.8 bar. and 
the static pressure at the helium regulator should be 2.75 bar. The corresponding 
static pressure upstream of the nozzle throat, where the measurement is' taken, is 
2.514 bar. 
For the pressure measurement the outer free stream was not required, since the 
helium is choked at the nozzle throat and thus there is no upstream influence. This 
simplified this experiment since it involved only two tasks, operation of the helium 
bottle and data logging. 
The pipe friction program was validated by supplying helium at a higher pressure 
than the required supply pressure, in order to make sure that the helium would choke 
at the throat, and the pressure upstream of the throat was measured. The heliuni 
was supplied at 3.15 bar ± 0.05 for a couple of seconds and the measured average 
pressure was - 2.83 bar. The program was run for the same supply pressure and 
the prediction for the pressure just upstream of the throat was - 2.81 bar. an error 
of only 0.7%. This is well within the transducer pressure measurement error that 
Nvas assumed for this experiment (- 3%). For a program that siniply iises the 
Fanno flow equations and empirical laws for pressure losses in bends and ttirns this 
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prediction is very good. The program also calculated that with this supply pressure 
the corresponding jet exit pressure is , 0.28 bar which would give an underexpanded 
jet with the tunnel running. Thus for the final run care needs to be taken to provide 
a supply pressure as close to - 2.75 bar as possible. 
7.3 Model aerodynamics 
The model was fixed in the tunnel and a run was performed to check its aerodynam- 
ics. Figure 7.7 shows the knife edge schlieren image superimposed on a side/profile 
picture of the strut to help identify the point of origin of the main wave systems. 
Lines were drawn to extend the shock waves and get an idea for the point of origin. 
It is likely that these waves will not be straight throughout but that they would 
have turned when going through the expansion in the middle of the strut and the 
compression at the end. 
Shock waves from 
the strut-wall interaction 
Figure 7.7: Tunnel running without He injection, composite image with knife edge 
schlieren. 
These waves would be the result of the complicated interactions in the gap be- 
tween the strut and the wall that were discussed for the Phase 1 model and shown 
in Figure 6.20. 
The angle of these waves (lines) is - 28.2' and if they are assumed to be Mach 
waves they correspond to a Mach number Al = 2.11. This value agrees very well 
with the measured Mach number near the wall at the position of the LE, according 
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to the wall static pressure measurements, M=2.12 (at this position the flow is 
still accelerating near the wall but it has reached roughly the test Mach number 
near the centre). The flow field was not very clean, these waves Nvere impinging 
right on the nozzle exit and would thus disturb the jet injection and development. 
Figure 7.8 shows a succession of images, zoomed in near the nozzle exit, taken during 
this run. These pictures indicate that the flow was not perfectly steady during the 
run. The reason for this unsteadiness is the "junction flow" that develops in the 
support/supply tube-wall junction and will be discussed below. 
Figure 7.8: Successive knife edge schlieren pictures for Phase 2 model. 
Modelling wax was used to fill the gap between the strut and the walls in an 
attempt to reduce the interferences arising from that region. Figure 7.9 shows the 
Phase 2 model mounted on the test section with wax applied, and superimposed 
on top of it the resulting schlieren flow field. The junction between the test model 
and the wall is formed by the wax; see Figure 7.10 for a picture of this interface 
at the end of the run. Some of the wax has been 
displaced due to the effect of the 
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stagnation pressure of the stream. The shape of the wax at the end of the ruii 1,, 
also due to the primary horseshoe vortices that wrap around the junction (, ee the 
discussion on the Junction flow" in section 6.5.1). These have the same rotatioil a, 
the approach boundary-layer vorticity and they score away wax from the junctioii. 
At the wax-wall junction the shock wave BL interaction and the ensuing BL 
separation have moved further upstream in comparison to the NN-ax-free case. Thiis 
the shock waves from the BL separation originate from upstream the LE of the 
model, as can be seen from the lines drawn in Figure 7.9. The wave's have an angle 
of - 32', which if they are Mach waves corresponds to a Mach number of I. S9. If 
these lines are traced back, their point of origin appears to be 180 172772 downstreani 
from the throat. At this position the Mach number near the NN, all is' 2.07 which 
corresponds to a Mach angle of 28.9. Thus the waves are indeed BL s-eparation 
shock waves and they have probably also been diffracted I)Y the rest of the wave 
systems associated with the strut airfoil design. 
Feature I is another wave system originating from the strut-wall region that 
appears to impinge just downstream of the nozzle exit. It doesn't seem to have a 
significant impact on the flowfield of that region, so it is either a very weak sYsteill 
or it is not in the centreplane. Feature 2 is the expansion wave tliat turns the floýý, 
in the base region, feature 3 is the region were the flow reattaches and feature 4 is 
the reattachment compression system possibly superimposed with feature 1. 
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Figure 7.9: Phase 2 model in the test section with wax filling the gap between 
the strut and the wall, without helium injection. Composite image with knife 
schlieren, no He injection. 
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Figure 7.10: The modelling wax after it has experienced the stagnation pressure of 
the free stream and the horseshoe vortex structure due to the BL separation. 
Due to the unsteady nature of the horseshoe vortices enveloping the wax-NN-all 
junction, the rest of the flow field was also slightly unsteady as seen W the succession 
of pictures taken during this run in Figure 7.11. 
Better and permanent means for filling up this gap should be devised but for the 
purposes of this experinient the use of the wax had the desired result, which was to 
move the main shock waves from the strut-wall Junction away from the jet. 
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Figure 7.11: Successive knife edge schlieren pictures taken during this run with wax. 
7.4 Helium jet injection 
The next step was to inject a helium jet into the stream. During this process 
the pressure upstream of the nozzle throat was also recorded. The pressure just 
upstream of the injection was measured to be 2bar, the pressure in the supply bottle 
was over 2.87 bai- as recommended by the pipe friction flow program. Thus there 
is confidence that the stream was pressure matched with the free stream according 
to the calculations in Section 8.2. The jet was designed to be injected at a Mach 
number of 2.2, matching the air stream Mach number, so any weak Mach waves 
could be easily differentiated since they would have the same angle inside the jet as 
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in the free stream. The helium stream was again the fast stream and the velocitv I 
ratio was U2/Uj = 0.39. The conditions for this run are given in Table 71.1 below. 
P2 b2 "I ) Ml M2 Mrel Mcl ý Mc2 
p, Ul 
Uý 
=. 
- 
2.2 2.2 1.92 0.96 5.5 0.39 0.148 
Table 7.1: Characteristic parameters for this run. 
7.4.1 Schlieren visualisation 
First the experiment was performed with the gap between the strut and the walls 
free of wax. The following images in Figure 7.12 were obtained. Feature (1) i" 
the shock wave from the strut-wall junction, feature (2) is the trailing shock wave 
originating from the end of the recirculation region as explained in Figure 6.24. 
(3) is the combination of the transmitted shock wave and the compression sys-tein 
formed due to the flow turning internally again as shown in Figure 6.24. Featiire 
(4) is the recirculation region in the nozzle base at the exit and featlire (5) is the 
expansion wave of the free stream at the base region. The shock wave sYstelll froin 
the strut-wall junction appears to have affected the jet initial development. 
The experiment was then repeated with wax, which was used to fill the gap 
between the model and the wall. Figure 7.13 below shows a knife edge image from 
this run. The explanation for the jet features seen in this image is the same as in 
the map of Figure 6.24. In this case the initial development of the jet appears to 
be 
unhindered. 
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Figure 7.12: (a) Tunnel running and He injection, knife edge schlieren, Nvax-free and 
(b) zoom in to the nozzle exit. 
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Figure 7.13: Tunnel running and He injection, knife edge schliereii, with wax em- 
ployed. 
Figure 7.14 shows a close up of the jet in the two cases (wax-free & waxed). 
Compared to the wax-free case in the second image the waves inside the jet for the 
waxed case have a slightly smaller angle with the centreline indicating a higher jet 
Mach number. Indeed the angle of the most visible wave was - 27.3', if the angle 
is taken to be the Mach angle this corresponds to a Mach number of 2.18. This is 
very close to the design Mach number which was 2.2. On the other hand the angle 
for the wax-free case (top) was - 28.1' or a Mach number of 2.12. This is likely due 
to the effect from the strut-wall junction wave system which could have compressed 
and slowed the jet down in the early steps of its development. 
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Figure 7.14: The two different cases that were tested. In the wax-free case (top) 
the transmitted trailing shock emerges from the jet 5.57 mm upstream of the sanie 
wave in the second case with wax employed (bottom). 
Figure 7.15: A succession of schlieren images with tunnel running and He InJect'On 
from the run shown in Figure 7.13. NN"ax was employed in this run. 
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A succession of images was taken during the run with the wax applied to investi- 
gate the unsteadiness of the flow field, Figure 7.15. The flow appears to be relatively 
steady. 
After the initial wave system right at the exit of the nozzle, which is mainly due 
to the base region, the jet develops relatively free of any secondary' wave svstems 
up to the middle of the test section window where a wave impinges and traverses 
the jet. The impingement is at 52.7 mm downstream from the nozzle exit, NN'lilcli is 
roughly the point were the shock wave from the strut senii-angle was expected to 
impinge according to the CFD calculation, Figure 7.4. 
In Figure 7.16 the visual thickness of the mixing layer was used to obtain ail 
estimation of its growth rate. This was done by fitting straight-line mean tangents to 
the edges of the layer, as done by Brown and Roshko 1251. However the uncertainty 
involved in defining the edges of the layer subjectively in this way and the small 
growth rates associated with this case limit the accuracy of the estimation. 
------------- 
Figure 7.16: Zoom in on the mixing layer and estimation of the visual thickness. 
--- _____ -------1 
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The jet has a potential core which contains only helium. and outside it the two 
mixing layers grow until they reach the centreline. This measurement was taken in 
the potential core, in a region where the growth was relatively linear.. and where 
the mixing layer was growing largely undisturbed from any external pressure waves. 
The region was 2.2 cm away from the nozzle trailing edge and 2.3 cin in streaniNvise 
length. Only the bottom mixing layer was used since the top one was not visible in 
the knife edge schlieren. The growth rate was equal to d6ldx = 0.052. 
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Figure 7.17: (a) Independent and (b) dependent CFD pressure contour plots. for a 
helium jet (-Allj, t = 2-2) in the bottom and air 
free stream A1,, = 2.2 above. 
An axisymmetric CFD run Nvith the same conditions, Table 7.1, as in this exper- 
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iment was performed for comparison. -None of the related geometry was used and 
the two streams were initially separated with an infinitesimally thin plate, similar 
to all the CFD runs of this thesis, Fig. 7.17. The CFD gave an average value for the 
growth rate in the potential core region of - 0.047, thus placing the CFD within 
9.6% of the experimental value. 
From eq. 2.2, the incompressible growth rate. , 
(d61dx)jnco7-np, for the conditions 
of this run is 0.148. Thus the normalised growth rate value for this conditions is 0.35 
for the experimental result and 0.317 for the CFD case, this adds one more point to 
the plot of normalised growth rate values of Figure 2.5, for Al,, = 0.96. The plot is 
repeated below with the addition of this result. 
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Figure 7.18: Spread of normalised growth rate values from several experiments (see 
Fig. 2.5) with the additional result of this study. 
The growth rate of the jet as a whole was also measured to be - 0.053, Figure 
7.19, and the corresponding CFD value was - 0.048 (this value is derived from the 
CFD result shown above, where the half thickness of the jet is measured from the 
centreline to the outer edge of the shear layer and then doubled before it is used 
to work out d6ldx). Again the CFD prediction is within 9.4% of the experimental 
value. 
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Figure 7.19: Zoom in on the jet and estimation of the visual thickness. 
7.4.2 Spark light source 
The images in this study have a very good resolution but having used a continuous 
light source the time resolution is limited by the fastest speed of the cameras slilitter 
speed mode, 1/4000 of a second. During that time the mixing layer structures 
(Uc = (a2U1 + aIU2)/(al + a2) = 766.2M/8) travel roughly 19 cTn downstreain, a 
longer distance than the diameter of the window available (11.2 cm) . 
This issue can 
be resolved with the use of a spark light source [135]. The Hypersonics group of the 
Aeronautics Department has an argon spark light source, used in the gun tunnel, 
which produces a high intensity flash of white light with a duration of approximately 
0.1 P8 [99]. During this time the mixing layer structures travel only 0.076 rn7n. 
Therefore using it could help capture a better time resolution (nearly instantaneous) 
of the flow field and possible even some turbulent structures that are averaged away 
otherwise. Towards the end of this study it became possible to use, for a short time, 
the spark source in the supersonic tunnel and such an image was obtained, Fig. 
7.20, using a colour filter and the current model with no wax applied in the gap 
between the model and the wall. 
Indeed the spark light source image shows a wealth of flowfield features. FirstIV, 
similarly to Fig. 7.12 (a) and (b), the wave system is interfering with the jet right 
after the nozzle exit. Initially the jet interface appears wavy, Fig. 7.12 (b). Further 
downstream the mixing layer breaks up into a highly irregular shape with bulges and 
indentations of various sizes, Fig. 7.12 (c), prompting the thought that the mixing 
layer made the transition from laminar to turbulent between these two regions. The 
estimation of the onset point to transition is subjective, nevertheless a reasonable 
'dooý -. 
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assumption is that it starts immediately downstream of the last compression wave 
being emanated from the jet region and there is no doubt that by the LHS of Figure 
7.12 (c) the layer is turbulent. The observation of these features is assisted by a 
relatively sharp contrast between the freestream and the mixing layer making the 
latter very easy to distinguish. The freestream surrounding the jet is irrotational 
and it acquires vorticity from the jet through the action of viscosity, via the small 
scale eddies, for which viscosity is significant. It is the small length scale of these 
eddies that makes the interface appear very sharp on the scale of the flow as a whole. 
The shape of the interface is, on the other hand, influenced by eddies of all sizes [261. 
In contrast to the interface, inside the jet the flow features appear slightly blurred. 
This is due to the three dimensionality of the jet and the nature of sclieren visu- 
alisation as it was explained in section 6.5.1. At the interface the light rays are 
scattered by a single eddy, whereas inside the jet they will be scattered by a couple 
of eddies which will be randomly orientated. Thus due to the spanwise integration, 
performed by schlieren, the flow features recorded inside the jet will appear blurred. 
In addition at the interface there is a steep density gradient, but inside the jet the 
variation in density, and thus the density gradient, is small and the light rays will 
be scattered at a smaller angle, thus reducing the sensitivity of the schlieren in that 
region. 
In Figure 7.12 (c) labeled (1) to (7) are corrugations that very closely resemble 
large scale structures. Immediately downstream of (5) there seems to be another 
one of these structures but this point also coincides with the impingement of the 
shock wave on the jet, and therefore it could be due to that. This mixing 
layer is 
compressible since M, = 0.96 and therefore this visualisation is one more proof of 
the existence of large scale structures in compressible shear layers. 
It is the authors 
belief that this evidence together with Tobias's visualisations, Figures 2.11 and 2.13, 
are among the best available. 
From the visualisations of both phases of the experimental study, it is clear that 
the layer grows extremely slowly for these two compressibility levels, in agreement 
with other experimental studies in the 
literature. 
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Figure 7.20: a) Spark source colour schlieren image, b) and c) Zoom in to the jet. 
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These two experimental phases have essentially served as a design exercise for 
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strut injection of a supersonic jet into a co-flowing supersonic stream. The flow 
field of the second phase has improved relatively to phase 1 flow field and in that 
sense progress was made from one phase to the next. Naturally in a supersonic flow 
interferences can not be canceled completely. 
The main objectives of phase 2 were completed. The flowfield was improved and 
the helium injection was done in as controlled manner as possible. A visualisation 
study was completed from which an estimation of the jet growth rate was done and 
this compared favourably with CFD. Finally the spark light source was successful 
in freezing the fluid motion and capturing turbulent structures with a wide range of 
length scales. 
Chapter 8 
Conclusions 
This research has investigated the effect of different, charýwtei'istic flow field param- 
eters on the growth rates of compressible planar shear layers and ncjets- 
For this, both numerical and experimental research tools have been deN-eloped and 
several simulations have been carried out. 
The following two sections summarise the conclusions from the numerical and 
experimental results. 
8.1 Numerical study 
In the CFD study ID unsteady and 2D steady larninar and turbulent shear layers 
as well as 2D axisymmetric jets were investigated. 
8.1.1 Single gas study 
The investigation was done in steps of increasing complexity. First the temporal 
growth of the one dimensional laminar shear layer was investigated. It was found 
that when profiles of flow properties from different times are plotted against ylý, 
Fot 
they are self-similar over time. From the parameter study it was found that the 
smaller the density ratio the more the self-similar shear layer grows and that the 
effect of increasing Mj is to increase the self similar width of the shear laver. Botli 
of these results were in contrast from the known trends for 2D steady turbulent 
195 
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shear layers. 
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The spatial growth of a two dimensional laminar shear layer was also investigated. 
It was found that profiles of properties at any downstream position x in the far-field 
are self similar when plotted against ý= Y- VR-ex. The trend obtained for the density x 
ratio was that P21PI = 1.0 is a minimum, and the self similar thickness increases 
for P21p, both smaller and larger than unity. For this case the velocity ratio had a 
negligible effect on the self-similar width of the shear layer. The effect of increasing 
M,,, was to increase the self-similar width of the shear layer, as in the ID case, but 
the thickness, J, at a given station x downstream, normalised by x, was decreasing 
asymptotically with M,,, similarly to the observations in the literature for turbulent 
2D steady shear layers. 
Two dimensional turbulent shear layer 
For the turbulent shear layer the measure of mixing efficiency used was the growth 
rate of the layer, d6ldx, as in the literature. In fact there have been several exper- 
imental studies on this shear layer in the past and therefore the results could be 
compared against the known results from the literature. The extensive parameter 
study that was performed, demonstrated that the Menter one-equation turbulence 
model, that was used, was failing to capture the compressibility effects correctly. 
The Menter model was not using any compressibility corrections and thus the 
Launder-Sharma k-e two-equation model was tested, which included Wilcox's di- 
latation dissipation compressibility correction. This model predicted a larger growth 
rate suppression than the Menter model but was still severely under predicting the 
suppression of the growth rate with increasing compressibility, M,,,. 
The L-S model was modified to incorporate Heinz's [1051 compressibility correc- 
tion, which reflects the importance of structural effects in the compressibility, by 
changing the constant C,, = 0.09 into a variable that is a function of the gradient 
Mach number, M9, where M. can be thought of as a local M,,,. With this correc- 
tion implemented the solver was capable of accurately simulating the suppression in 
normalised growth rate of free shear layers with increasing compressibility. 
In the study of the turbulent axisymmetric jet it was found that the presence of 
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the potential core leads to a reduction in the growth rate of jets when compared to 
2D turbulent shear layers with the same characteristic parameters. The conlpariý'(ýil 
between jets of different radius lead to the conclusion that for a given required 
mixing, many smaller jets would be better than one big jet. 
8.1.2 Multigas study 
The multigas version of the code was developed to incorporate the diffusion of 
modelling in the FNS solver. The solver was then successfully validated agaiiist the 
analytical solution of the ID diffusion equation and the TSL solver. 
The multigas FNS solver together with the modified L-S turbulence model from 
the single gas cases was compared against the landmark experimental data of Pa- 
pamoschou&Roshko [4], but there was large deviation from their results. The rea- 
son for the poor prediction was that the compressibility corrections employed iii I he 
turbulence model were developed and tuned for uniform density shear layer cases 
whereas these experimental cases had large density ratios associated NN-101 them, so 
it was a consequence of the modelling approach. 
The development to include the correction for cases with large density ratios was 
based upon the work of Guezengar et al. [113], who proposed a modification of the 
u, coefficient into a variable that separates the modeling of the subsonic (densitY 
variations) and supersonic (compressibility) effects. With the modified model the 
solver managed to reproduce the experimental results with very good agreement. 
With the improved model a parameter study was performed, first for the density 
ratio, in order to investigate the limits of applicability of the model. The prediction 
for density ratios less than 3.2 is the opposite from the one expected from the liter- 
ature. For density ratios larger than 3.2 the growth rate of the shear layer increases 
with increasing p,,, ti, and thus the model is correct. In addition, the velocity ratio 
effect was in agreement with the one expected providing further validation for the 
current model. 
8.2. Experimental study 
8.2 Experimental study 
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The experimental results comprised of schlieren visualisations of supei,, -, Onic jet in- 
jection. 
8.2.1 Phase 1 
Considerable effort was invested in creating a low aberration schlieren system. seiisi- 
tive enough to show even the weak Mach waves. or weak shock in the tumiel 
flow field. 
For the first phase of the experiments a very simple test model was desigiie(I to 
test ideas of fuel injection, but still approximate fairlY closely an axisYmmetric flow. 
Supersonic helium jet injection was successful and the jet was distinctly visible iii 
the schlieren images. 
A pipe friction program was written to estimate the pressure losses in the pil)(,.,, 
of the helium supply system and thus predict the necessary supply pressure in order 
to get a pressure matched jet at the exit of the nozzle. 
Schlieren visualisation was also taken for the support strut of the injection system 
to investigate its aerodynamics. This helped determine the flow interference that ii 
causes, which was used as a feedback for the design of the Phase 2 model. 
8.2.2 Phase 2 
The information about the aerodynamics of the Phase I model was used in the 
design of the second model and helped to further clean up the near jet flow field. 
One of the objectives of the Phase 2 model was to incorporate some ineaii,, 
of Precisely monitoring the Helium mass flow rate. and thus inject heliuni in a 
controlled manner. This was achieved by designing the new model so that a pressure 
measurement could be taken, inside the model, just prior to injection. The design 
process was assisted by two dimensional, inviscid CFD investigatioiis of a "-arietv of 
strut profiles. 
The pipe friction program was validated against the experiment. The pressure 
. pre, ý, ýiire. upstream of the 
throat was measured in the experiment for a given supply 
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The program was then run for the same supply pressure giving only 0. T' deviation 
from the experimental value. 
Similarly to phase 1, a schlieren visualisation sTudy of the helium jet injection 
was performed and from the images the visual growth rate of the jet was mea, 1.11-ed. 
For comparison a CFD computation was performed for the same flow coiiditioii". 
but not the same geometry, and the results compared favourably. further validating 
the current turbulence model. 
8.3 Future work 
Recommendations for future numerical study 
One idea worth pursuing is to set up a design exercise for the best, possible Nva. v 
to mix helium and air for a given air free stream Nlach number (sa. y M,, j, = 2.2). 
density and pressure, based on the conclusions for the effect of 22-1 lIrel ý111(1 1'ratio- Pi 
In this exercise only the properties of the helium stream will change witli the aiin 
of optimising the growth rate of the mixing layer produced. 
After that the next logical step in turbulent compressible free shear layer research 
at Imperial College, would be the application of a streamwise pressure gradient and 
the investigation of its effect in the growth rate of the compressible mixing layer. 
This simulates real conditions in a mixer- combustor. 
Applying a pressure gradient in the CFD modelling is easy and has alrea(ly been 
done in other applications of the code with no serious modelling difficulties. III 
particular it will be interesting to perform parametric studies to assess the effect of 
severity of the gradient and also apply discrete rises - i. e shock waves. Such stlidie.. " 
could clarify whether it is the pressure ratio, or the pressure gradient. that is more 
important in this case. 
Recommendations for future experiments 
The flowfield could potentially be improved further. Currentl,, - the stria fixtuiv 
to the support/supply tubes is within the tunnel test wction. iiecessitatim, a gal) 
between the wall and the strut. Making this feature external to the tuiinel would 
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turn the junction into a wall/strut junction and it would significantly improve the 
flowfield. 
The flow at the nozzle exit could also be improved by reducing the ilozzle exit 
base region and better contouring the expansion surface of the nozzle to iiiiiiii-nise 
the radial component of velocity at the nozzle exit, so that at the point were the two 
streams meet they are both parallel. These changes will suppress the wave sy. steill 
at the nozzle exit. 
Most of the constraints on the design of the model were due to the facilitN, 
available. This is not a custom made compressible mixing layer facility, but AN-itli 
more funds available the wind tunnel nozzle could be redesigned to slilt t1le need', 
of this experiment. One big improvement will be to manufacture a side wall NN'liere 
the window stretches along the entire length of the nozzle. so that the scliliereii can 
be moved to any point desired. 
It will be very interesting in the future to make profile measurements of the jet 
using a rake of Pitot probes or even probes that can detect gases and measure their 
concentration, (thus produce mass fraction profiles)'. 
Finally a parameter study could also be performed in the experimental study. 
The parameters of interest would be the length of the injection nozzle, the diameter 
of the jet, the Mach number of the jet, the velocity and density rafios, and Hie 
pressure balance between the jet and the free stream among others. In addition 
other gases could be used as well apart from helium. In particular if air is iised for 
the jet as well then the results could also be compared with the single gas N-ersion 
of the code. 
Closing the supersonic mixing layer is the only well-documented flow that shows 
large compressibility effects, and it requires an extensi\-e research effort. as the para- 
metric studies involved in such a task are innumerable. Concentrating on geometri- 
cally simple but physically general test cases, as it was done throughout this project, 
is the best possible way to understand and lay down the fundamentals behind the 
compressible mixing layers. 
I QinetiQ representatives suggested that such tools could be provided. but this never iiiateriali<ed 
in the duration of this work. 
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Appendix A 
Pipe Friction Effects 
This program calculates if the Helium bottle is providing the flmv at the riglit floNN' 
rate and supply pressure. The flow should not be choked at aii. v point througli the 
pipe system. In addition it should not be slower than the required Nlacli number 
just before the nozzle throat, that results in a supersonic Jet 
PROGRAM pipe 
_friction _effects 
IMPLICIT NONE 
INTEGER:: j, ios, 1, x, 1, v, w, n, y, iosl 
DOUBLE PRECISION, PARAMETER:: gamma= 1.66, R_H(, 2077. T-2 
DOUBLE PRECISION :: M, Mach4, p4_over_pstar. total _pressure_ 
ratio4, k- 
Length_ Friction_ coefficient 4, u4, diameter = 0.0055, Re, 
rho=0.179, mu, Length34=0.056, Cf4, k 
Length_ Friction_ coefficient 34, Length_ Friction - 
coefficient 3. 
Mach3, Length_ Friction_ coefficient34a., dif. u3. Cf3, & 
_pressure_ percent_dif, 
LFc3, p3_over_pstar, total ratio3. k- 
p3_over_p4, Lmax-over_D34. Cf34, throat-d. A_over_Astar. &-- 
_p4, 
pO- -p5, 
Mach5, p4-over_p5, p3_over_p' pO over over D. p 5, k 
p3, Mach2, p2, p2_over_pstar. total _pressure_ 
ratio2. &-- 
Length_ Friction_ coefficient 2. u2, Cf'2. Length 12--0.544. k- 
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Length_ Friction_ coefficient 12, Length 
_Friction _coefficient 
1. 
Machl, Length_ Friction 
_coefficient 
1 2a. difl, ul, CfI. LFc-1. 
percent-difl, Lmax-over_D12, Cf12, pl_over_pstar. 
total_ pressure_ ratio 1, pl_over_p2. pl, over , Pl- -P5. 
& 
Ajet_over_Astar, jet_d, Mac, area_ratio_jet. jet_d_mac2. 
K=0.9 
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DOUBLE PRECISION, DIMENSIO. N(1: 802) :: Mach. ,t at ic _pressure_ rat 
io. k 
total_ pressure_ ratio, density_ratio, temperature- ratio, &-- 
entropy_change, Length_ Friction 
-coefficient, 
area-ratio. 
pO_over_p, rhoO-over_rho 
PRINT*, "Insert the throat diameter of your nozzle please: " 
READ*, throat-d 
A_over_Astar = (diameter / throat_d)**2 
mu = 0.0000186 
M-0.01 
OPEN (UNIT-18, FILE=" adiabatic 
-surface _friction _flow. 
dat ". ACTION -"write". 
& 
IOSTAT--=ios) 
IF (ios>O) STOP "***error cannot open file***" 
! Table for the isentropic flow properties of Helium 
_properties. 
dat ". ACTIO' OPEN (UNIT:::::::::: 14, FILE-" Isentropic 
_flow -X="Nvritelf, 
& 
IOSTAT=iosl) IF (iosl>O) STOP "***error cannot open file***Il 
t, ables: DO j :: -- 1,802 
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! 
--Isentropic 
flow properties for Helium 
! **Area ratio 
area_ratio(j) = SQRT((l //M* 
*2) * ((2/ (gamma -, 1))*(l + ((gamma - 
/2) *(M**2)))** ((gamma + 1)/(gamma - 1))) 
! **Total pressure over static pressure 
pO_over_p(j) = (1+((gamma - 1) /2) *--\I**2) **(gamma/ (gamma- 
! **Total density over static density 
rhoO-over_rho(j) = (1+((gamma - 1)/2)*'-Xl**2)**(I/(gamma-1)) 
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I 
------------------------------------------- 
! 
__Adiabatic 
surface friction flow for Helium 
! **Static Pressure ratio 
static -pressure_ 
ratio (j) = (I/M) *SQRT ((gamma + 1)/(2 + (gamma 
! **Total Pressure ratio 
total 
-pressure_ 
ratio (j) = static_ pressure_ ratio (j) * ((2 + ((gamma- 1) 
* M**9)) 
& 
/ (gamma + 1)) **(gamma/ (gamma- 1)) 
! "Density ratio 
density_ ratio (j) = SQRT((2 + ((gamma-l)*-M**-))) / ((gamma - 
! "Temperature ratio 
temperature 
-ratio 
(j) = (gamma + 1) / (2 + (gamma 
! **Entropy change 
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entropy_ change (j) = gamma * LOG ((NI*-2) * ((gamma-+- 1)/((2- (gami-na-1)'-Nl**2)) 
*M**2)) **((gamma + 1)/(2*gamma))) 
4* (x - x*)) /d The length-friction coefficient parameter 
Length_ Friction_ coefficient (j) = (I ////gamma)* 
((I- M`2) / (M**9)) + ((gamma- 1) 
& 
/(2*gamma)) * LOG((((gamma + 1)/2) * -Nl**2)/ 
(I- ((gamma - 1) 2) * M**22)) 
Mach(j) =M 
M+0.005 
WRITE (18, '(F8.2,3F11.3, F10.4,2FI1.3)') Mach(j). k- 
static -pressure_ ratio 
(j), total_ pressure _ratio 
(j), density_ratio(j), k 
temperature 
_ratio 
(j) 
, entropy_ change 
(j), 
Length 
_Friction _coefficient 
(j) 
WRITE (14, '(4FI2.3)') Mach(j), pO_over_p(j), rhoO -over_ 
rho(j). & 
area_ratio(j) 
END DO tables 
! For jet Mach number 2.58 we have 
! Ajet-over_Astar = 2.279 
! For jet Mach number 1.9 we have 
Ajet_over_Astar = 1.439 
bsearch: DO i=l, 802 
IF(Ajet_over_Astar >= area_ratio(i) A"-\-D. k 
Chapter A. Pipe Friction Effects 
Ajet-over_Astar <= area_ ratio (i- 1)) THEN 
Y=i 
EXIT bsearch 
END IF 
END DO bsearch 
Mach5 = (Mach(y) +Mach(y+l)) /2 
Re = (rho * (Mach5 * SQRT(gamma * R_He * T)) * diameter)/ mu 
print*, "Reynolds number at the exit of the nozzle". Re 
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! We can easily work out pO/p5., (where p5 is pjet) since Nve kiimv what Macli; -) 
is 
pO_over_p5 = (1+((gamma- 1)/2)*. \, lach5**--))**(gamiiia (gamma-1)) 
! Find out what is the Mach number and pO/p4 at the position 4 from the 
! isentropic flow properties tables for Helium(we only need half of t1w table 
! since the flow will accelerate from some Mach number to I at the throat) 
search: DO i=ll 401 
IF(A_over_Astar <- area_ratio(i) AND. A_over_Ast, ar >= area_ratio(i -1)) 
THEN 
V-i 
EXIT search 
END IF 
END DO search 
Nlach4 = (Mach(v) +Mach(,, --' I)) /2 
_p4 = 
(pO_ 
-P(N') 
, PO-over-P(N 2 pO over over 
! LNow Nvork out what, p4/p5 
is 
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p4_over_p5 = pO_over_p, 5 / pO_over_p4 
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! Look at the tables produced the properties that correspond to the particiilar 
! Mach number we are considering at the position 4 (just before the nozzle) 
searchl: DO i=ll 401 
IF(Mach4 >= Mach(i) AND. Mach4 <='-Nlach(i+l)) THEN 
X=i 
EXIT searchl 
END IF 
END DO searchl 
p4_over_pstar = (static_ pressure -ratio 
(x) + static_pressure-ratio(x- 1)) /2 
total 
-pressure_ 
ratio4 = (total -pressure -ratio 
(x) + total t lo(x - 1))/') 
Length_ Friction 
_coefficient4 = 
(Length_ Friction 
_coefficient 
(x) + k- 
Length_ Friction_ coefficient (x+ 1)) /2 
! Work out the velocity at this point 
u4 = Mach4 * SQRT(gamma * R_He * T) 
! Use that to find the Reynolds number 
Re = (rho * u4 * diameter)/ mu 
print*, "Reynolds number just before the nozzle". Re 
! Use this empirical Power law, to calculate the friction coefficient 
Cf4 = 0.074 / ((Re)**0.2) 
! Calculate using M the length friction coefficient from 3 to 4 
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Length_ Friction_ coefficient 34 -- 4* Cf4 *(Length34, diameter) 
! Calculate the length friction coefficient from 3 till sonic 
Length Friction 
- 
coefficient 3= Length_ Friction_ coefficient 34 + &-- 
Length_ Friction_ coefficient4 
LFc3 = Length_ Friction_ coefficient 3 
iteration: DO 
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! Look at the tables produced the corresponding Mach number for this length 
! friction coefficient 
search2: DO i=ll 401 
IF (Length_ Friction 
_coefficient3 
<- Length_ Friction 
-coefficient 
(i) &-- 
. 
AND. Length_ Friction_ coefficient 3 >-- Length _Friction _coefficient 
(i+ 1)) k- 
THEN 
I=i 
EXIT search2 
END IF 
END DO search2 
Mach3 = (Mach(l) + Mach(1+1)) /2 
! Similarly to position 4 
0 Mach3 * SQRT(gamma * R_He * T) 
Re (rho * u3 * diarneter)/ mu 
Cf3 0.074 / ((Re)**0.2) 
PRINT*, "Mach3 is: ", MacI13 
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PRIN'T*, "Reynolds number at 3 is". Re 
Cf34 -- (Cf3 + Cf4)/2 
Length_ Friction 
- 
coefficient34a -4* Cf34 *(Length34/diameter) 
! Calculate the length friction coefficient from 3 till sonic 
Length_ Friction_ coefficient 3= Length_ Friction_ coefficient 34a -k 
Length_ Friction_ coefficient4 
! Work out the difference and when it converges 
dif = Length_ Friction_ coefficient 3- LFc3 
percent-dif = dif / Length_ Friction_ coefficient3 
if (percent-dif < 0.0005) EXIT iteration 
LFc3 - Length_ Friction_ coefficient 3 
END DO iteration 
Lmax-over_D34 = Length_ Friction_ coefficient 3/ (4 * Cf3) 
p3_over_pstar = static_ pressure_rat io (1) 
total_ pressure_ ratio3 - total_ pressure_ ratio (1) 
! So now we can calculate p3/p4 
p3_over_p4 = p3_over_pstar / p4_over_pstar 
Finally we can work out p3/p5 
p3_over_p5 = p3_over_p4 * p4_over_p5 
! p5 is pjet (or pstream) and is equal to 0.25bar. so we can work out p3 
P5=0.252508 
p3 = p3_oN-er_p5 * p5 
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PRINT*, "p3 is: ", p3 
p4 = p4_over_p5 * p5 
print*, "p4 is: ", p4 
p04 = pO_over_p4 * p4 
print*, "total pressure at 4 is", p04 
1 **********2 to 3 
Now I will include the loss in going around the 90 degrees bend. I am 
considering position 2 just before the bend and position 3 Just after. I Nvill 
assume that the Mach number is the same at both positions -Nlach2 - 
ýIa(-U 
Mach2 = Mach3 
u2 =U 
p2 = p3 -K*0.5 *( (rho * (u2**2)) / 10**5) 
PRINT*, "p2/pV', p2/p3 
PRINT*, "p2 is: ", p2 
to 
!I will use a similar procedure used for the section 3 to 4 
! **************** 
! Mach2 = Mach3 * 0.5 
! u2 = u3 * 0.5 
! Look at the tables of surface friction flow the properties that correspond to 
! the Mach number at the position 2 (just before the bend) 
search3: DO i=l, 2001 
IF(Mach2 >= Mach(i) A-ND. '-\Iach2 <- Mach(i+1)) THEN 
NNT =i 
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EXIT search3 
END IF 
END DO search3 
1-) 9 1) 
p2_over_pstar = (static_ pressure -ratio 
(w) - static_ pressure_ rat io(Nv-7- 1)) /2 
total pressure ratio2 = (total lo(NN _pressure_ratio(Nv) - 
total 
_pressure_ 
rati - 1))y 2 
Length_ Friction_ coefficient 2 =: (Length_ Friction_ coefficient (w) -, k- 
Length_ Friction 
-coefficient 
(w-: 1)) /2 
! Find the Reynolds number at this position 
Re = (rho * u2 * diameter)/ mu 
Cf2 - 0.074 
/ ((Re)**0.2) 
! Calculate using Cf2 the length friction coefficient from I to 2. 
Length_ Friction_ coefficient 12 =4* Cf2 *(Length 12 /diameter) 
! Calculate the length friction coefficient from I till sonic 
Length_ Friction_ coefficient I 
Length_ Friction_ coefficient 2 
Length_ Friction 
_coefficient 
12 --r- & 
LFcl = Length_ Friction _coefficient 
1 
iterationl: DO 
! Look at the tables produced the corresponding Mach number 
for thi,, lenglit 
! friction coefficient 
search4: DO i=l, 2001 
IF (Length_ Friction 
_coefficient 
I <= Length_Friction_coefficient(i) k- 
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AND. Length_ Friction_ coefficient 1 >= Length_ Friction_ coefficient (i - 1)) k- 
THEN 
11=1 
EXIT search4 
END IF 
END DO search4 
Machl =-- (Mach(n) + Mach(n+l)) /2 
ul Machl * SQRT(gamma *R- He * T) 
Re (rho * ul * diameter)/ mu 
Cfl 0.074 / ((Re)**0.2) 
PRINT*, "Machl is: Machl 
Cfl2 = (Cfl + Cf2)/2 Length_ Friction_ coefficient I 2a =4* Cfl2 *(Length I 2/diaiiietei-, ' 
! Calculate the length friction coefficient from 1 till sonic 
Length_ Friction_ coefficient I= Length_ Friction_ coefficient I 2a + &-- 
Length_ Friction_ coefficient 2 
! Work out the difference and when it converges 
difl = Length_ Friction_ coefficient I- LFcl 
percent-difl = difl / Length_ Friction- coefficient I 
if (percent-difl < 0.0005) EXIT iterationl 
LFcl = Length_ Friction -coefficient 
I 
END DO iterationl 
Lmax-over_D12 = Length_ Friction_ coefficient 1/ (4 * Cfl) 
PRINT*, "Lmax-D34 is: Lmax-over_D34 
PRINT*, "Lmax-D12 is: Lmax-over-D12 
pl_over_pstar =7 static_ pressure _ratio(n) 
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total 
-pressure_ ratio 
I= total_ pressure_ ratio (n) 
! So now we can calculate pI/p2 
pl_over_p2 :: -- pl_over_pstar / p2_o-, -er_pstar 
! Finally we can work out pI and pl/p, -5 
pl = pl_over_p2 * p2 
pl_over_p5 = pl / p5 
PRINT*, "p4/p5: ", p4_over_p5 
PRINT*, "p3/p4: ", p3_over_p4 
PRINT*, "p3/p5: ", p3_over_p5 
PRINT*, "p2 = p3 -K* (1/2) * (u2**2 
PRINT*, "pl/p2: ", pl_over_p2 
PRINT*, "pl/pV', pl_over_p5 
PRINT*, "So pl should be", pl, "bar" 
We can eaily work out pO/pl, since we know what Machl is 
PO-over_ pl = (1+((gamma - 1)/2)*-Mach1**9) **(gai-nma 
(gamma-1)) 
PRINT*, "So supply total pressure is", pl* pO_ over_pl, "bar" 
'--)'--)4 
END PROGRAM pipe_ friction _effects 
Appendix B 
Skin Friction Coefficient 
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